3 Introducing Riemannian Geometry

We have yet to meet the star of the show. There is one object that we can place on a
manifold whose importance dwarfs all others, at least when it comes to understanding
gravity. This is the metric.

The existence of a metric brings a whole host of new concepts to the table which,
collectively, are called Riemannian geometry. In fact, strictly speaking we will need a
slightly different kind of metric for our study of gravity, one which, like the Minkowski
metric, has some strange minus signs. This is referred to as Lorentzian Geometry
and a slightly better name for this section would be “Introducing Riemannian and
Lorentzian Geometry”. However, for our immediate purposes the differences are minor.
The novelties of Lorentzian geometry will become more pronounced later in the course
when we explore some of the physical consequences such as horizons.

3.1 The Metric

In Section 1, we informally introduced the metric as a way to measure distances between
points. It does, indeed, provide this service but it is not its initial purpose. Instead,
the metric is an inner product on each vector space T),(M).

Definition: A metric g is a (0,2) tensor field that is:
e Symmetric: g(X,Y) = g(Y, X).
e Non-Degenerate: If, for any p € M, g(X, Y)|p =0forallY € T,(M) then X, = 0.
With a choice of coordinates, we can write the metric as
g = gu(x)dx" @ dz”

The object g is often written as a line element ds? and this expression is abbreviated
as

ds* = g, (z) dr*dz”

This is the form that we saw previously in (1.4). The metric components can be
extracted by evaluating the metric on a pair of basis elements,

o 0
) =9\ o v

The metric g, is a symmetric matrix. We can always pick a basis e, of each T,,(M) so
that this matrix is diagonal. The non-degeneracy condition above ensures that none of
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these diagonal elements vanish. Some are positive, some are negative. Sylvester’s law
of inertia is a theorem in algebra which states that the number of positive and negative
entries is independent of the choice of basis. (This theorem has nothing to do with
inertia. But Sylvester thought that if Newton could have a law of inertia, there should
be no reason he couldn’t.) The number of negative entries is called the signature of the
metric.

3.1.1 Riemannian Manifolds

For most applications of differential geometry, we are interested in manifolds in which
all diagonal entries of the metric are positive. A manifold equipped with such a metric
is called a Riemannian manifold. The simplest example is Fuclidean space R™ which,
in Cartesian coordinates, is equipped with the metric

g=dr' @da' + ...+ dz" @ dx"
The components of this metric are simply g, = ...

A general Riemannian metric gives us a way to measure the length of a vector X at
each point,

[ X] = vg(X, X)

It also allows us to measure the angle between any two vectors X and Y at each point,
using

9(X,Y) = [X|[Y]cos b

The metric also gives us a way to measure the distance between two points p and q
along a curve in M. The curve is parameterised by o : [a,b] — M, with o(a) = p and
o(b) = q. The distance is then

b
distance:/ dt Q(X’X)‘g(t)

where X is a vector field that is tangent to the curve. If the curve has coordinates
x#(t), the tangent vector is X* = dz*/dt, and the distance is

b 0
distance :/ dt\/guy(x)ddit d;t

Importantly, this distance does not depend on the choice of parameterisation of the

curve; this is essentially the same calculation that we did in Section 1.2 when showing
the reparameterisation invariance of the action for a particle.
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3.1.2 Lorentzian Manifolds

For the purposes of general relativity, we will be working with a manifold in which
one of the diagonal entries of the metric is negative. A manifold equipped with such a
metric is called Lorentzian.

The simplest example of a Lorentzian metric is Minkowski space. This is R"™ equipped
with the metric

n=—-d'®@d® +de' @da' +... +dz" ' @ dz"!

The components of the Minkowski metric are 7, = diag(—1,+1,...,+1). As this
example shows, on a Lorentzian manifold we usually take the coordinate index x* to
run from 0,1,...,n — 1.

At any point p on a general Lorentzian manifold, it is always possible to find an
orthonormal basis {e, } of T,,(M) such that, locally, the metric looks like the Minkowski
metric

g,u,u}p = Nuv (31)

This fact is closely related to the equivalence principle; we’ll describe the coordinates
that allow us to do this in Section 3.3.2.

In fact, if we find one set of coordinates in which the metric looks like Minkowski
space at p, it is simple to exhibit other coordinates. Consider a different basis of vector
fields related by

~ AUV
eu—AueV

Then, in this basis the components of the metric are
g;u/ = App,AUygpa
This leaves the metric in Minkowski form at p if

N = N, (P)A, (D)o (3.2)

This is the defining equation for a Lorentz transformation that we saw previously in
(1.14). We see that viewed locally — which here means at a point p — we recover some
basic features of special relativity. Note, however, that if we choose coordinates so that
the metric takes the form (3.1) at some point p, it will likely differ from the Minkowski
metric as we move away from p.
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spacelike

Figure 16. The lightcone at a point p, with three different types of tangent vectors.

The fact that, locally, the metric looks like the Minkowski metric means that we can
import some ideas from special relativity. At any point p, a vector X, € T,,(M) is said
to be timelike if g(X,, X,) < 0, null if g(X,, X,) = 0, and spacelike if g(X,, X,) > 0.

At each point on M, we can then draw lightcones, which are the null tangent vectors
at that point. There are both past-directed and future-directed lightcones at each
point, as shown in Figure 16. The novelty is that the directions of these lightcones can
vary smoothly as we move around the manifold. This specifies the causal structure of
spacetime, which determines who can be friends with whom. We’ll see more of this
later in the lectures.

We can again use the metric to determine the length of curves. The nature of a
curve at a point is inherited from the nature of its tangent vector. A curve is called
timelike if its tangent vector is everywhere timelike. In this case, we can again use the
metric to measure the distance along the curve between two points p and ¢q. Given a
parametrisation x#(t), this distance is,

b dzt dxv
T= AN e

This is called the proper time. 1t is, in fact, something we’ve met before: it is precisely
the action (1.27) for a point particle moving in the spacetime with metric g,,.

3.1.3 The Joys of a Metric

Whether we're on a Riemannian or Lorentzian manifold, there are a number of bounties
that the metric brings.
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The Metric as an Isomophism

First, the metric gives us a natural isomorphism between vectors and covectors, g :
T,(M) — T;(M) for each p, with the one-form constructed from the contraction of g
and a vector field X.

In a coordinate basis, we write X = X*0,. This is mapped to a one-form which,
because this is a natural isomorphism, we also call X. This notation is less annoying
than you might think; in components the one-form is written is as X = X, dz". The
components are then related by

Xy = guwX”

Physicists usually say that we use the metric to lower the index from X* to X,. But
in their heart, they mean “the metric provides a natural isomorphism between a vector
space and its dual”.

Because ¢ is non-degenerate, the matrix g, is invertible. We denote the inverse as
g"", with g"g,, = ob. Here g" can be thought of as the components of a symmetric
(2,0) tensor § = ¢"0, ® 0,. More importantly, the inverse metric allows us to raise
the index on a one-form to give us back the original tangent vector,

XF=g"X,

In Euclidean space, with Cartesian coordinates, the metric is simply g,, = d,,, which
is so simple it hides the distinction between vectors and one-forms. This is the reason
we didn’t notice the difference between these spaces when we were five.

The Volume Form

The metric also gives us a natural volume form on the manifold M. On a Riemannian
manifold, this is defined as

v = y/detg,, dz' A ... Adx"

The determinant is usually simply written as /g = \/det g,,,. On a Lorentzian mani-
fold, the determinant is negative and we instead have

v=+/—gd" A...Ndx"? (3.3)

As defined, the volume form looks coordinate dependent. Importantly, it is not. To
see this, introduce some rival coordinates z#, with

L
dot = AL 47" where A% = O

e
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In the new coordinates, the wedgey part of the volume form becomes
de' A Ndxt =AY, AT A AN dE

We can rearrange the one-forms into the order dz' A ... A di". We pay a price of +
or —1 depending on whether {1, ..., p,} is an even or odd permutation of {1,... ,n}.
Since we're summing over all indices, this is the same as summing over all permutations
mof {1,...,n}, and we have

de' Ao Adx" = Y sign(m) ALy A dE AL A dE
perms

= det(A)di" A ... AdT"

where det(A) > 0 if the change of coordinates preserves the orientation. This factor
of det(A) is the usual Jacobian factor that one finds when changing the measure in an
integral.

Meanwhile, the metric components transform as

_oxroxt . o =
Juv = @@gm = (4 )p,u(A )% Gpo

and so the determinant becomes
det g,

det Guv = (det A_l)z det gwj = (det—A)2

We see that the factors of det A cancel, and we can equally write the volume form as

v=1/|gldi' A... N di"
The volume form (3.3) may look more familiar if we write it as

1
v = gvmmundx’“ A AN dxtr
Here the components v, ,, are given in terms of the totally anti-symmetric object
€pr..pn With €1, = +1 and other components determined by the sign of the permuta-

tion,

Note that v, ,, is a tensor, which means that ¢,, ,, can’t quite be a tensor: instead,
it is a tensor divided by \/m . It is sometimes said to be a tensor density. The anti-
symmetric tensor density arises in many places in physics. In all cases, it should be
viewed as a volume form on the manifold. (In nearly all cases, this volume form arises
from a metric as here.)
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As with other tensors, we can use the metric to raise the indices and construct the
volume form with all indices up

L

Vvyovy, =
1 \/m

where we get a + sign for a Riemannian manifold, and a — sign for a Lorentzian

,U/‘Ll-n/»lfn — g/—LIVI . 'g,ufnl’n

manifold. Here e#1#» is again a totally anti-symmetric tensor density with e*" = +1.
Note, however, that while we raise the indices on v, _,, using the metric, this statement
doesn’t quite hold for €, ., which takes values 1 or 0 regardless of whether the indices
are all down or all up. This reflects the fact that it is a tensor density, rather than a
genuine tensor.

The existence of a natural volume form means that, given a metric, we can integrate
any function f over the manifold. We will sometimes write this as

[ go= [ e vEas

The metric y/+g provides a measure on the manifold that tells us what regions of the
manifold are weighted more strongly than the others in the integral.

The Hodge Dual

On an oriented manifold M, we can use the totally anti-symmetric tensor €, . ., to
define a map which takes a p-form w € AP(M) to an (n — p)-form, denoted (xw) €
A"P(M), defined by

(<Dt = 25V I (35)
This map is called the Hodge dual. It is independent of the choice of coordinates.
It’s not hard to check that,
* (xw) = £(=1)PCPly (3.6)

where the + sign holds for Riemannian manifolds and the — sign for Lorentzian
manifolds. (To prove this, it’s useful to first show that vtt-#ePr-Pr-vy, . ., =
+pl(n — p)!éfﬁ}l . (555, again with the £ sign for Riemannian/Lorentzian manifolds.)
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It’s worth returning to some high school physics and viewing it through the lens of
our new tools. We are very used to taking two vectors in R3, say a and b, and taking
the cross-product to find a third vector

axb=c

In fact, we really have objects that live in three different spaces here, related by the
Euclidean metric d,,. First we use this metric to relate the vectors to one-forms. The
cross-product is then really a wedge product which gives us back a 2-form. We then
use the metric twice more, once to turn the two-form back into a one-form using the
Hodge dual, and again to turn the one-form into a vector. Of course, none of these
subtleties bothered us when we were 15. But when we start thinking about curved
manifolds, with a non-trivial metric, these distinctions become important.

The Hodge dual allows us to define an inner product on each AP(M). If w,n € AP(M),
we define

(n,w) —/MnA*w

which makes sense because xw € A" P(M) and so n A xw is a top form that can be
integrated over the manifold.

With such an inner product in place, we can also start to play the kind of games
that are familiar from quantum mechanics and look at operators on AP(M) and their
adjoints. The one operator that we have introduced on the space of forms is the exterior
derivative, defined in Section 2.4.1. Its adjoint is defined by the following result:

Claim: For w € A?(M) and a € AP~} (M),
(da,w) = (a, d'w) (3.7)
where the adjoint operator d' : AP(M) — AP~Y(M) is given by
d' = £(=1)"""" 1y dx
with, again, the £ sign for Riemannian/Lorentzian manifolds respectively.

Proof: This is simply the statement of integration-by-parts for forms. On a closed
manifold M, Stokes’ theorem tells us that

0—/ d(oc/\*w)—/ daAxw+ (=1)Prand *w
M M
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The first term is simply (da,w). The second term also takes the form of an inner
product which, up to a sign, is proportional to (o, xd * w). To determine the sign, note
that d xw € A" P*1(M) so, using (3.6), we have x * d* w = £(—1)"PFDE-1g 5 ¢,
Putting this together gives

(do, w) = £(—1)"PT" o, xd* w)
as promised. O]

3.1.4 A Sniff of Hodge Theory
We can combine d and d' to construct the Laplacian, A : AP(M) — AP(M), defined as

A= (d+d)=dd +dd

where the second equality follows because d?> = d'? = 0. The Laplacian can be defined
on both Riemannian manifolds, where it is positive definite, and Lorentzian manifolds.
Here we restrict our discussion to Riemannian manifolds.

Acting on functions f, we have d'f = 0 (because % f is a top form so d x f = 0).
That leaves us with,

A(f) = —* d % (9,f da*)

1
= _(77, - 1)| * d ((&Uc)g“% /|g| 6Vp1...pn_1dl'p1 ALA dl‘p"—1>
1
= — * ao' < |g|g“'/8uf) 6Vp1...pn_1d$a N

(n—1)!
= —%x0, < |g|g‘“’8uf> de' A ... Adx"
= —L8y< !9!9’"“’%”)

Vdl

This form of the Laplacian, acting on functions, appears fairly often in applications of

differential geometry.
There is a particularly nice story involving p-forms ~ that obey
Ay =0

Such forms are said to be harmonic. An harmonic form is necessarily closed, meaning
dy = 0, and co-closed, meaning d'y = 0. This follows by writing

(v, ) = (dv, dy) + (d',d"y) = 0

and noting that the inner product is positive-definite.
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There are some rather pretty facts that relate the existence of harmonic forms to
de Rham cohomology. The space of harmonic p-forms on a manifold M is denoted
Harm?(M). First, the Hodge decomposition theorem, which we state without proof:
any p-form w on a compact, Riemannian manifold can be uniquely decomposed as

w=da+dp+ry

where o € AP71(M) and B € AP*'(M) and v € Harm”(M). This result can then be
used to prove:

Hodge’s Theorem: There is an isomorphism
Harm? (M) = HP(M)

where HP (M) is the de Rham cohomology group introduced in Section 2.4.3. In particu-
lar, the Betti numbers can be computed by counting the number of linearly independent
harmonic forms,

B, = dim Harm? (M)

Proof: First, let’s show that any harmonic form ~y provides a representative of H?(M).
As we saw above, any harmonic p-form is closed, dy = 0, so v € ZP(M). But the
unique nature of the Hodge decomposition tells us that + # d for some /.

Next, we need to show that any equivalence class [w] € HP(M) can be represented
by a harmonic form. We decompose w = da + df + . By definition [w] € HP(M)
means that dw = 0 so we have

0= (dw, B) = (w,d'B) = (da +d'B +~,d'8) = (d'5,d'B)

where, in the final step, we “integrated by parts” and used the fact that dda = dv = 0.
Because the inner product is positive definite, we must have d'3 = 0 and, hence,
w = v+ da. Any other representative w ~ w of [w] € HP(M) differs by © = w+ dn and
so, by the Hodge decomposition, is associated to the same harmonic form ~. 0

3.2 Connections and Curvature

We've already met one version of differentiation in these lectures. A vector field X is,
at heart, a differential operator and provides a way to differentiate a function f. We
write this simply as X (f).
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As we saw previously, differentiating higher tensor fields is a little more tricky because
it requires us to subtract tensor fields at different points. Yet tensors evaluated at
different points live in different vector spaces, and it only makes sense to subtract these
objects if we can first find a way to map one vector space into the other. In Section
2.2.4, we used the flow generated by X as a way to perform this mapping, resulting in
the idea of the Lie derivative Lx.

There is, however, a different way to take derivatives, one which ultimately will prove
more useful. The derivative is again associated to a vector field X. However, this time
we introduce a different object, known as a connection to map the vector spaces at one
point to the vector spaces at another. The result is an object, distinct from the Lie
derivative, called the covariant derivative.

3.2.1 The Covariant Derivative

A connectionisamap V : X(M)xX(M) — X(M). We usually write this as V(X,Y) =
VxY and the object Vx is called the covariant derivative. It satisfies the following
properties for all vector fields X, Y and Z,

o Vx(Y+2)=VxY +VxZ
o Visxygn)Z = fVxZ + gVyZ for all functions f, g.
o Vx(fY)=fVxY 4+ (Vx[f)Y where we define Vx f = X(f)

The covariant derivative endows the manifold with more structure. To elucidate this,
we can evaluate the connection in a basis {e, } of X(M). We can always express this as

Ve,e, =1" ¢, (3.8)

with I'¥, the components of the connection. It is no coincidence that these are denoted
by the same greek letter that we used for the Christoffel symbols in Section 1. However,
for now, you should not conflate the two; we’ll see the relationship between them in
Section 3.2.3.

The name “connection” suggests that V, or its components I}, connect things.
Indeed they do. We will show in Section 3.3 that the connection provides a map from
the tangent space T,(M) to the tangent space at any other point T},(M). This is what

allows the connection to act as a derivative.
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We will use the notation

V,=V

Cu
This makes the covariant derivative V, look similar to a partial derivative. Using the
properties of the connection, we can write a general covariant derivative of a vector
field as
VXy = VX(YMEM)

= X(Y*")e, +Y"Vxe,

= X", (Y")e, + X"Y*V e,

= XV (e,(Y")+ T, Y") e,
The fact that we can strip off the overall factor of X” means that it makes sense to
write the components of the covariant derivative as

VY = (6(Y") + Y )e,
Or, in components,
(V.Y =e¢,(YH) + I, Y? (3.9)

Note that the covariant derivative coincides with the Lie derivative on functions, Vx f =
Lxf = X(f). It also coincides with the old-fashioned partial derivative: V,f = 0, f.
However, its action on vector fields differs. In particular, the Lie derivative LxY =
[X,Y] depends on both X and the first derivative of X while, as we have seen above,
the covariant derivative depends only on X. This is the property that allows us to
write Vx = X”V,, and think of V, as an operator in its own right. In contrast, there
is no way to write “Lx = X#/L,,”. While the Lie derivative has its uses, the ability to
define V,, means that this is best viewed as the natural generalisation of the partial
derivative to curved space.

Differentiation as Punctuation

In a coordinate basis, in which e, = 0, the covariant derivative (3.9) becomes
(VYY) =0,Y"+ 1% Y? (3.10)

We will differentiate often. To save ink, we use the sloppy, and sometimes confusing,
notation

(VY =V, y"

This means, in particular, that V,Y* is the u'" component of V,Y, rather than the
differentiation of the function Y'*.
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Covariant differentiation is sometimes denoted using a semi-colon
v,Yr =YY",

In this convention, the partial derivative is denoted using a mere comma, 9,Y" =Y" .
The expression (3.10) then reads

Yk, =YY", + Fl;pyﬂ

I'm proud to say that we won’t adopt the “semi-colon = differentiation” notation in
these lectures. Because it’s stupid.

The Connection is Not a Tensor

The I, defining the connection are not components of a tensor. We can see this
immediately from the definition V(X, fY) = Vx(fY) = fVxY + (X(f))Y. This is
not linear in the second argument, which is one of the requirements of a tensor.

To illustrate this, we can ask what the connection looks like in a different basis,
e, = Ale, (3.11)
for some invertible matrix A. If ¢, and €, are both coordinate bases, then

oz
AV =
vooooxv

We know from (2.23) that the components of a (1,2) tensor transform as

Th, = (AT AN AT, (3.12)

vp

We can now compare this to the transformation of the connection components I') . In
the basis €,, we have

Ve, e, =176,
Substituting in the transformation (3.11), we have
T4 80 = Viar ey (AN er) = A%V, (AN en) = A7, A I e, + A7 e 0, A%,
We can write this as

"6, = (A7,A 7, + A% 0,A",) er

Veﬂ o

(A7, A, 17, + A% 0,A7,) (A7) &,

g
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Stripping off the basis vectors €, we see that the components of the connection trans-
form as

T, = (ATh A7 AT+ (A7) A7 0,A, (3.13)

The first term coincides with the transformation of a tensor (3.12). But the second
term, which is independent of I', but instead depends on 0A, is novel. This is the
characteristic transformation property of a connection.

Differentiating Other Tensors

We can use the Leibniz property of the covariant derivative to extend its action to any
tensor field. It’s best to illustrate this with an example.

Consider a one-form w. If we differentiate w, we will get another one-form V xw
which, like any one-form, is defined by its action on vector fields Y € X(M). To
construct this, we will insist that the connection obeys Leibniz in the modified sense
that

Vxw(Y)) =(Vxw)(Y) +w(VxY)

But w(Y) is simply a function, which means that we can also write this as

Putting these together gives
(Vxw)(Y) = X(w(Y)) —w(VxY)
In coordinates, we have

XH(Vuw), Y = XFOu(w, YY) = w, XH(9,Y" + 1", Y7)
= X*(Ouw, — T, w,)Y"

where, crucially, the 0Y terms cancel in going from the first to the second line. This
means that the overall result is linear in Y and we may define V yw without reference
to the vector field Y on which is acts. In components, we have

(Viuw)p = Guw, = T

pp v

As for vector fields, we also write this as

— — _ R Z
(Viw)p = Vuwp = Wy = wpu — I 00
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This kind of argument can be extended to a general tensor field of rank (p,q), where
the covariant derivative is defined by,

1.t _ 1eee 1 ou... 1. 10
THt2 e = TP o+ TSI, T Tt
_T9 H1---Hp — . H1---Mp
prlT oV3...Vq ) prqT V1...Vg—10

The pattern is clear: for every upper index p we get a +I'T" term, while for every lower
index we get a —I'T" term.

Now that we can differentiate tensors, we will also need to extend our punctuation
notation slightly. If more than two subscripts follow a semi-colon (or, indeed, a comma)
then we differentiate respect to both, doing the one on the left first. So, for example,
Xt =V,V, X"

3.2.2 Torsion and Curvature

Even though the connection is not a tensor, we can use it to construct two tensors. The
first is a rank (1,2) tensor T known as torsion. It is defined to act on X, Y € X(M)
and w € A'(M) by

T(w; X,Y) =w(VxY — VyX — [X,Y])

The other is a rank (1,3) tensor R, known as curvature. It acts on X,Y,Z € X(M)
and w € A'(M) by

R(w; X,Y,Z) =w(VxVyZ = VyVxZ = Vixy|Z)

The curvature tensor is also called the Riemann tensor.

Alternatively, we could think of torsion as amap T : X(M)x X(M) — X(M ), defined
by

T(X,Y)=VxY —VyX — [X,Y]

Similarly, the curvature R can be viewed as a map from X(M) x X(M) to a differential
operator acting on X(M),

R(X,Y) = VxVy — VyVx — Vixy] (3.14)
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Checking Linearity

To demonstrate that 7" and R are indeed tensors, we need to show that they are linear
in all arguments. Linearity in w is straightforward. For the others, there are some small
calculations to do. For example, we must show that T'(w; fX,Y) = fT(w; X,Y). To
see this, we just run through the definitions of the various objects,

T(w; fX,Y) =w(VyxY = Vy(fX) = [fX,Y])

We then use VyxY = fVxY and Vy (fX) = fVy X+Y(f) X and [fX,Y] = f[X,Y]—-
Y (f)X. The two Y(f)X terms cancel, leaving us with

T(w;fX, Y) = fCL)(VXy - VyX — [X, Y])
= JT(w; X,Y)

Similarly, for the curvature tensor we have

Rw; XY, Z) =w(VyxVyZ = VyVyxZ = Vixy)Z
wW(fVXVyZ =Vy(fVxZ) = V(xy-v(nx)Z)

(fVxVyZ = fVyNxZ =Y (f)VxZ = Vyixy1Z + Vy)xZ)
=w(fVxVyZ — fVyVxZ =Y (f)VxZ — fVixy)Z +Y(f)VxZ)
= fw(VxVyZ — VyVxZ — Vixy Z)

— fR(w: X,Y,Z)

= W

Linearity in Y follows from linearity in X. But we still need to check linearity in Z,

R(w; XY, fZ) = w(VxVy(fZ) = VyVx(fZ) = Vixy|(fZ))
=w(Vx(fVyZ +Y(f)Z) = Vy(fVxZ + X(f)Z)
—fVixviZ = [ X, Y|(f)Z)
= w(fVxVy + X()VyZ +Y(/)VxZ + X(Y(f)Z
—fVyVxZ =Y (f)VxZ - X(f)VyZ = Y(X(f)Z
—fVxvZ = [X,Y|(f)Z)
= fR(w; X,Y, Z)

Thus, both torsion and curvature define new tensors on our manifold.
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Components

We can evaluate these tensors in a coordinate basis {e,} = {0, }, with the dual basis
{f*} = {dz"}. The components of the torsion are

T =T(f" en €0)
= fP(Vue, — Ve, — ey, e])
= fp(FZuea - Fg,uea)
-1,

where we've used the fact that, in a coordinate basis, [e,, e,] = [0,,0,] = 0. We learn

that, even though I'/,, is not a tensor, the anti-symmetric part Flfw/} does form a tensor.

Clearly the torsion tensor is anti-symmetric in the lower two indices
T%p = =T,

Connections which are symmetric in the lower indices, so I}, = I'),, have T*,, = 0.
Such connections are said to be torsion-free.

The components of the curvature tensor are given by
Rap,uu = R(faa €u; Cu, ep)

Note the slightly counterintuitive, but standard ordering of the indices; the indices u
and v that are associated to covariant derivatives V,, and V, go at the end. We have

pwj = (VNV,,ep — VZ,V#ep — V[eu,eu]ep)
(v, V,,ep - V.,V,e,)
FOVuT5,e0) = Vi(Te1))

f

0

(V
U(@ FA )€>\ + F/\ FTAeT — (0, F)\ ) ex — F);\mFZAeT)
L, — 0,09, + T %, =T T, (3.15)

vp u)\

Clearly the Riemann tensor is anti-symmetric in its last two indices
R p = =R pu

Equivalently, R?,,, = R? . There are a number of further identities of the Riemann
tensor of this kind. We postpone this discussion to Section 3.4.
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The Ricci Identity

There is a closely related calculation in which both the torsion and Riemann tensors
appears. We look at the commutator of covariant derivatives acting on vector fields.
Written in an orgy of anti-symmetrised notation, this calculation gives

o o o A o
ViuViyZ2° = 0,(VyZ7) + V2™ — FTW]VPZ
= 00 Z° + (0T,) 2" + (0, 27T, + T, 500 2
AT 00,27 =T Vo 27

(1]

g
vlp

The first term vanishes, while the third and fourth terms cancel against each other.
We're left with

IV, V2% = Ry 20 — TP N , 27 (3.16)

where the torsion tensor is 77, = 2I'? . and the Riemann tensor appears as

(1]
o o o A
R oy = 200,17, + 200 T,
which coincides with (3.15). The expression (3.16) is known as the Ricci identity.

3.2.3 The Levi-Civita Connection

So far, our discussion of the connection V has been entirely independent of the metric.
However, something nice happens if we have both a connection and a metric. This
something nice is called the fundamental theorem of Riemannian geometry. (Happily,
it’s also true for Lorentzian geometries.)

Theorem: There exists a unique, torsion free, connection that is compatible with a
metric g, in the sense that

\Y% xXg = 0
for all vector fields X.

Proof: We start by showing uniqueness. Suppose that such a connection exists. Then,
by Leibniz

XY, 2)) =Vx(g(Y,Z2)) = (Vxg)(Y. Z) + g(VxY,Z) + g(Y,Vx Z)
Since Vxg = 0, this becomes

X(9(Y,2)) =9(VxY,Z)+g(VxZ,Y)
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By cyclic permutation of X, Y and Z, we also have

Y(9(Z,X)) =9(VyZ,X)+g(Vy X, Z)
Z(9(X,Y)) = g(VzX,Y) +g(V2Y, X)

Since the torsion vanishes, we have
VxY = VyX = [XY]
We can use this to write the cyclically permuted equations as

X(g(Y,2)) =9(VyX,Z) +g(VxZ,Y) + g([X,Y], Z)
Y(9(Z, X)) = g(VzY,X) +9(Vy X, Z) + g([Y, Z], X)
Z(g(va)) g(szay)+g(vZY7X)+g([Z7X]7Y)

Add the first two of these equations, and subtract the third. We find

o(Vy X, 2) = 5[ X(9l¥. 2)) + Y (9(Z, X)) - Z(9(X,Y))
- g(IX.YL2) — gV 2L X) +9(1Z.X,Y)|  317)

But with a non-degenerate metric, this specifies the connection uniquely. We'll give an
expression in terms of components in (3.18) below.

It remains to show that the object V defined this way does indeed satisfy the prop-
erties expected of a connection. The tricky one turns out to be the requirement that
VixY = fVxY. We can see that this is indeed the case as follows:

oV X, 2) = 5 [X (Y, 2) + 1Y (9(2, ) = Z(g(X, JY)

— 91X, 1Y), 2) = 9((fY, 2], X) + 9((2. X], 1Y )]
= X9V, 2) + X (DY, 2) + Y (9(2, X)) = FZ(9(X.Y)
~ Z(Ng(X,Y) = [9(IX.Y].2) = X(£)g(¥V.2) = J9([Y, Z), X)

+ Z(Ng(¥. X) + f9((2,X],Y)]
= g(nyX, Z)

N | =

The other properties of the connection follow similarly. U
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The connection (3.17), compatible with the metric, is called the Levi-Civita connec-
tion. We can compute its components in a coordinate basis {e,} = {J,}. This is
particularly simple because [0,,0,] = 0, leaving us with

1
9(Vieu,e,) = F)z\/ug/\p = 5(8#91/# + 0uGup — OpGyuw)

Multiplying by the inverse metric gives

1
D = 59" Oup + Oup = Opw) (3.18)

The components of the Levi-Civita connection are called the Christoffel symbols. They
are the objects (1.31) we met already in Section 1 when discussing geodesics in space-
time. For the rest of these lectures, when discussing a connection we will always mean
the Levi-Civita connection.

An Example: Flat Space

In flat space R?, endowed with either Euclidean or Minkowski metric, we can always
pick Cartesian coordinates, in which case the Christoffel symbols vanish. However, in
other coordinates this need not be the case. For example, in Section 1.1.1, we computed
the flat space Christoffel symbols in polar coordinates (1.10). They don’t vanish. But
because the Riemann tensor is a genuine tensor, if it vanishes in one coordinate system
then it must vanishes in all of them. Given some horrible coordinate system, with
I'v, # 0, we can always compute the corresponding Riemann tensor to see if the space
is actually flat after all.

Another Example: The Sphere S?

Consider S? with radius r and the round metric

ds* = r*(df? + sin® 0 dp*)
We can extract the Christoffel symbols from those of flat space in polar coordinates
(1.10). The non-zero components are

cos

%, =—sinfcosf , Iy =T% = (3.19)

sin 0
From these, it is straightforward to compute the components of the Riemann tensor.
They are most simply expressed as Rypu = gor R puv and are given by

Rogop = Roopp = —Roppo = —Rgpoy = r?sin? 6 (3.20)

with the other components vanishing.
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3.2.4 The Divergence Theorem

Gauss’ Theorem, also known as the divergence theorem, states that if you integrate a
total derivative, you get a boundary term. There is a particular version of this theorem
in curved space that we will need for later applications.

As a warm-up, we have the following result:

Lemma: The contraction of the Christoffel symbols can be written as
1
V9

On Lorentzian manifolds, we should replace /g with /|g|.

I =—=0,/g (3.21)

Proof: From (3.18), we have
1 1 _ 1
Fﬁu = §gﬂﬂ vGup = §tr(g lﬁyg) = §tr(8y 10gg)

However, there’s a useful identity for the log of any diagonalisable matrix: they obey
trlog A = logdet A

This is clearly true for a diagonal matrix, since the determinant is the product of
eigenvalues while the trace is the sum. But both trace and determinant are invariant
under conjugation, so this is also true for diagonalisable matrices. Applying it to our
metric formula above, we have

1 1 1 1
T = ~t1(8,logg) = =8, logdet g = ~———8, det g =
" 2r(@ 0gg) 28 ogdet g 2detga et g

1
——0,\/det
Vvdet g 9
which is the claimed result. O

With this in hand, we can now prove the following:

Divergence Theorem: Consider a region of a manifold M with boundary OM. Let
n* be an outward-pointing, unit vector orthogonal to M. Then, for any vector field
X" on M, we have

/d”x \/ﬁvuX“:/ d" 'z \yn, X"
M oM

where «;; is the pull-back of the metric to M, and v = det;;. On a Lorentzian man-
ifold, a version of this formula holds only if OM is purely timelike or purely spacelike,
which ensures that v # 0 at any point.
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Proof: Using the lemma above, the integrand is

VIVLXE = /g (8,X" + T, X") = /g <8“X“ + X”%@V\@) — 9, (vgX*")

The integral is then
/ d"z gV, X" = / d"z 0, (/gX*")
M M

which now is an integral of an ordinary partial derivative, so we can apply the usual
divergence theorem that we are familiar with. It remains only to evaluate what’s
happening at the boundary M. For this, it is useful to pick coordinates so that the
boundary OM is a surface of constant z™. Furthermore, we will restrict to metrics of

Gy = Yij 0
. 0 N2

Then by our usual rules of integration, we have

/ d"z 0, (y/gX") :/ d" 'z \/yN2X"
M

the form

oM
The unit normal vector n* is given by n* = (0,0, ...,1/N), which satisfies g, n*n” =1
as it should. We then have n, = g,,n” = (0,0,...,N), so we can write

/ d"z \/gV, X" = / d" 'z \/yn, X"

M oM

which is the result we need. As the final expression is a covariant quantity, it is true
in general. 0

In Section 2.4.5, we advertised Stokes’ theorem as the mother of all integral theorems.
It’s perhaps not surprising to hear that the divergence theorem is a special case of
Stokes’ theorem. To see this, here’s an alternative proof that uses the language of
forms.

Another Proof: Given the volume form v on M, and a vector field X, we can contract
the two to define an n—1 form w = ¢xv. (This is the interior product that we previously
met in (2.30).) It has components

. v
Wi = VI X €vpy i
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If we now take the exterior derivative, dw, we have a top-form. Since the top form is
unique up to multiplication, dw must be proportional to the volume form. Indeed, it’s
not hard to show that

(dw) iy pin = VG € oin Vo X

This means that, in form language, the integral over M that we wish to consider can

/d”x \/EVHX“:/ dw
M M

Now we invoke Stokes’ theorem, to write

/dw:/ w
M oM

We now need to massage w into the form needed. First, we introduce a volume form o

be written as

on OM, with components

Vpy oot = VYV Epurpin s
This is related to the volume form on M by
1 N
Evm---unﬂV = Vlpropn—1 ")

where n# is the orthonormal vector that we introduced previously. We then have

Wyt .opin—1 = ﬁ(nqu)gulmunfl

The divergence theorem then follows from Stokes’ theorem. O

3.2.5 The Maxwell Action

Let’s briefly turn to some physics. We take the manifold M to be spacetime. In classical
field theory, the dynamical degrees of freedom are objects that take values at each point
in M. We call these objects fields. The simplest such object is just a function which,
in physics, we call a scalar field.

As we described in Section 2.4.2; the theory of electromagnetism is described by a
one-form field A. In fact, there is a little more structure because we ask that the theory
is invariant under gauge transformations

A— A+ dao

To achieve this, we construct a field strength F' = dA which is indeed invariant under
gauge transformations. The next question to ask is: what are the dynamics of these
fields?
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The most elegant and powerful way to describe the dynamics of classical fields is
provided by the action principle. The action is a functional of the fields, constructed by
integrating over the manifold. The differential geometric language that we’ve developed
in these lectures tells us that there are, in fact, very few actions one can write down.

To see this, suppose that our manifold has only the 2-form F' but is not equipped
with a metric. If spacetime has dimension dim(M) = 4 (it does!) then we need to
construct a 4-form to integrate over M. There is only one of these at our disposal,
suggesting the action

1
Stop:—§/F/\F

If we expand this out in the electric and magnetic fields using (2.32), we find
Stop = /dmodxldx2dx3 E-B

Actions of this kind, which are independent of the metric, are called topological. They
are typically unimportant in classical physics. Indeed, we can locally write FF A F =
d(A N F), so the action is a total derivative and does not affect the classical equations
of motion. Nonetheless, topological actions often play subtle and interesting roles in
quantum physics. For example, the action Si,, underlies the theory of topological
insulators. You can read more about this in Section 1 of the lectures on Gauge Theory.

To construct an action that gives rise to interesting classical dynamics, we need to
introduce a metric. The existence of a metric allows us to introduce a second two-form,
* I, and construct the action

1

1 1
SMaxwell = _§/F ANxF = _Z/d4x\/ _gguygpaFMPFl/U = _Z/d4$\/ —9g FNVFMV

This is the Maxwell action, now generalised to a curved spacetime. If we restrict to flat
Minkowski space, the components are F**F,,, = 2(B? — E?). As we saw in our lectures
on Electromagnetism, varying this action gives the remaining two Maxwell equations.
In the elegant language of differential geometry, these take the simple form

dxF =0

We can also couple the gauge field to an electric current. This is described by a one-form
J, and we write the action

Sz/—%F/\*F%—A/\*J
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We require that this action is invariant under gauge transformations A — A+ da. The
action transforms as

S—>S+/da/\*J

After an integration by parts, the second term vanishes provided that
dxJ =0

which is the requirement of current conservation expressed in the language of forms.
The Maxwell equations now have a source term, and read

dxF =xJ (3.22)

We see that the rigid structure of differential geometry leads us by the hand to the
theories that govern our world. We'll see this again in Section 4 when we discuss
gravity.

Electric and Magnetic Charges

To define electric and magnetic charges, we integrate over submanifolds. For example,
consider a three-dimensional spatial submanifold ¥. The electric charge in ¥ is defined

to be
Q. :/*J
N

It’s simple to check that this agrees with our usual definition Q. = [ d*z J° in flat
Minkowski space. Using the equation of motion (3.22), we can translate this into an
integral of the field strength

Qe:/zd*F:/az*F (3.23)

where we have used Stokes’ theorem to write this as an integral over the boundary 9.
The result is the general form of Gauss’ law, relating the electric charge in a region
to the electric field piercing the boundary of the region. Similarly, we can define the

When we first meet Maxwell theory, we learn that magnetic charges do not exist,

magnetic charge

courtesy of the identity dF' = 0. However, this can be evaded in topologically more
interesting spaces. We'll see a simple example in Section 6.2.1 when we discuss charged
black holes.

- 115 —



The statement of current conservation d %
J = 0 means that the electric charge . in m
a region cannot change unless current flows in

or out of that region. This fact, familiar from

w

Electromagnetism, also has a nice expression in
terms of forms. Consider a cylindrical region
of spacetime V| ending on two spatial hyper-
surfaces >; and Y5 as shown in the figure. The
boundary of V' is then

aV - 21 U 22 U B
where B is the cylindrical timelike hypersurface.

We require that J = 0 on B, which is the statement that no current flows in or out
of the region. Then we have

Qe(Zl)—Qe(Ez)—/ZI*J—/EQ*J—/BV*J—/VCZ*J—O

which tells us that the electric charge remains constant in time.

Maxwell Equations Using Connections

The form of the Maxwell equations given above makes no reference to a connection. It
does, however, use the metric, buried in the definition of the Hodge .

There is an equivalent formulation of the Maxwell equation using the covariant deriva-
tive. This will also serve to highlight the relationship between the covariant and exte-
rior derivatives. First note that, given a one-form A € A*(M), we can define the field
strength as

F,=V,A, -V,A,=0,A, —0,A,

where the Christoffel symbols have cancelled out by virtue of the anti-symmetry. This
is what allowed us to define the exterior derivative without the need for a connection.

Next, consider the current one-form J. We can recast the statement of current
conservation as follows:

Claim:

dxJ=0 & V,J'=0
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Proof: We have

1
Nar
where, in the second equality, we have used our previous result (3.21): T, = 9, log \/|g|.
But this final form is proportional to d x J, with the Hodge dual defined in (3.5). O

VIt = 9,0+ T P = 9, (vV=g9J")

As an aside, in Riemannian signature the formula
VI = —0,(V5")
V9

provides a quick way of computing the divergence in different coordinate systems (if
you don’t have the inside cover of Jackson to hand). For example, in spherical polar
coordinates on R?®, we have ¢ = r*sin?f. Plug this into the expression above to
immediately find

1
sin @

V-J= r%&(ﬁjr) + —— 0p(sin 0 J%) + 0,J°
The Maxwell equation (3.22) can also be written in terms of the covariant derivative
Claim:
d«F=%xJ <« V, " =J" (3.24)
Proof: We have
V. =90, + T F*™ + T F*°
Ry Ty

where, in the second equality, we've again used (3.21) and in the final equality we’ve

VEGF")

used the fact that I'y  is symmetric while F*” is anti-symmetric. To complete the
proof, you need to chase down the definitions of the Hodge dual (3.5) and the exterior
derivative (2.26). (If you're struggling to match factors of /=g, then remember that
the volume form v = /—ge is a tensor, while the epsilon symbol €,, ,, is a tensor
density.) O
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3.3 Parallel Transport

Although we have now met a number of properties of the connection, we have not yet
explained its name. What does it connect?

The answer is that the connection connects tangent spaces, or more generally any
tensor vector space, at different points of the manifold. This map is called parallel
transport. As we stressed earlier, such a map is necessary to define differentiation.

Take a vector field X and consider some associated integral curve C, with coordinates
a#(7), such that
dxt(T)

Xt == (3.25)

We say that a tensor field T' is parallely transported along C' if
VxT =0 (3.26)

Suppose that the curve C' connects two points, p € M and ¢ € M. The requirement
(3.26) provides a map from the vector space defined at p to the vector space defined at

q.

To illustrate this, consider the parallel transport of a second vector field Y. In
components, the condition (3.26) reads

X7 (9,Y" 4T YP) =0
If we now evaluate this on the curve C, we can think of Y* = Y*#(x(7)), which obeys

dy
XY =0 (3.27)

These are a set of coupled, ordinary differential equations. Given an initial condition
at, say 7 = 0, corresponding to point p, these equations can be solved to find a unique
vector at each point along the curve.

Parallel transport is path dependent. It depends on both the connection, and the
underlying path which, in this case, is characterised by the vector field X.

This is the second time we’ve used a vector field X to construct maps between
tensors at different points in the manifold. In Section 2.2.2, we used X to generate a
flow o, : M — M, which we could then use to pull-back or push-forward tensors from
one point to another. This was the basis of the Lie derivative. This is not the same as
the present map. Here, we're using X only to define the curve, while the connection
does the work of relating vector spaces along the curve.
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3.3.1 Geodesics Revisited
A geodesic is a curve tangent to a vector field X that obeys

VxX =0 (3.28)
Along the curve C, we can substitute the expression (3.25) into (3.27) to find

d* " dz? dz¥
Hoy— =0 3.29
dr? L dr dr (3.29)
This is precisely the geodesic equation (1.30) that we derived in Section 1 by considering
the action for a particle moving in spacetime. In fact, we find that the condition (3.28)

results in geodesics with affine parameterisation.

For the Levi-Civita connection, we have Vxg = 0. This ensures that for any vector
field Y parallely transported along a geodesic X, so VxY = VxX = 0, we have

d
—g(X,Y)=0
dr

This tells us that the vector field Y makes the same angle with the tangent vector along
each point of the geodesic.

3.3.2 Normal Coordinates

Geodesics lend themselves to the construction of a particularly useful coordinate sys-
tem. On a Riemannian manifold, in the neighbourhood of a point p € M, we can
always find coordinates such that

9 (p) =0 and - gu,(p) =0 (3.30)

The same holds for Lorentzian manifolds, now with g,,(p) = 7,,. These are referred
to as normal coordinates. Because the first derivative of the metric vanishes, normal
coordinates have the property that, at the point p, the Christoffel symbols vanish:
F’,ﬁp(p) = 0. Generally, away from p we will have I} # 0. Note, however, that it is
not generally possible to ensure that the second derivatives of the metric also vanish.
This, in turn, means that it’s not possible to pick coordinates such that the Riemann
tensor vanishes at a given point.

There are a number of ways to demonstrate the existence of coordinates (3.30). The
brute force way is to start with some metric g,, in coordinates #* and try to find a
change of coordinates to 2#(Z) which does the trick. In the new coordinates,

0xP 0x7 _

B 9 7 = I

(3.31)
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We’ll take the point p to be the origin in both sets of coordinates. Then we can Taylor
expand
1 0%zr

wo
v 2 OzHozV

o
- Oz

z’ ottt 4.

=0

=0

We insert this into (3.31), together with a Taylor expansion of §,,, and try to solve the
resulting partial differential equations to find the coefficients 9z /9z and 927 /0x? that
do the job. For example, the first requirement is

0z’

v
=0 a$

oxH

gpa (p) = 5/w
=0

Given any g,,(p), it’s always possible to find 0Z/0x so that this is satisfied. In fact, a
little counting shows that there are many such choices. If dimM = n, then there are
n* independent coefficients in the matrix 9Z/0z. The equation above puts in(n + 1)

conditions on these. That still leaves %n(n — 1) parameters unaccounted for. But this
is to be expected: this is precisely the dimension of the rotational group SO(n) (or the

Lorentz group SO(1,n — 1)) that leaves the flat metric unchanged.

We can do a similar counting at the next order. There are $n*(n + 1) independent
elements in the coefficients 9?7 /0xz#0x”. This is exactly the same number of conditions
in the requirement g, ,(p) = 0.

We can also see why we shouldn’t expect to set the second derivative of the metric
to zero. Requiring g, ,, = 0 is inz(n + 1)? constraints. Meanwhile, the next term
in the Taylor expansion is 9°%# /0z*0x"0x* which has tn?(n + 1)(n + 2) independent
coefficients. We see that the numbers no longer match. This time we fall short, leaving

1, 1 1

- 1 2 —.2 1 2) = — 20,2 1

" (n+1) " (n+1)(n+2) T (n )
unaccounted for. This, therefore, is the number of ways to characterise the second
derivative of the metric in a manner that cannot be undone by coordinate transforma-
tions. Indeed, it is not hard to show that this is precisely the number of independent
coefficients in the Riemann tensor. (For n = 4, there are 20 coefficients of the Riemann
tensor.)

The Exponential Map

There is a rather pretty, direct way to construct the coordinates (3.30). This uses
geodesics. The rough idea is that, given a tangent vector X, € T,(M), there is a
unique affinely parameterised geodesic through p with tangent vector X, at p. We then
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Figure 17. Start with a tangent vector, and follow the resulting geodesic to get the expo-
nential map.

label any point ¢ in the neighbourhood of p by the coordinates of the geodesic that take
us to ¢ in some fixed amount of time. It’s like throwing a ball in all possible directions,
and labelling points by the initial velocity needed for the ball to reach that point in,
say, 1 second.

Let’s put some flesh on this. We introduce any coordinate system (not necessarily
normal coordinates) Z* in the neighbourhood of p. Then the geodesic we want solves
the equation (3.29) subject to the requirements

dit .
—_— = X! with zM(r=0)=
dr P ( )

7=0

There is a unique solution.
This observation means that we can define a map,
Exp:T,(M) - M

Given X, € T,,(M), construct the appropriate geodesic and the follow it for some affine
distance which we take to be 7 = 1. This gives a point ¢ € M. This is known as the
exponential map and is illustrated in the Figure 17.

There is no reason that the exponential map covers all of the manifold M. It could
well be that there are points which cannot be reached from p by geodesics. Moreover, it
may be that there are tangent vectors X, for which the exponential map is ill-defined.
In general relativity, this occurs if the spacetime has singularities. Neither of these
issues are relevant for our current purpose.

Now pick a basis {e,} of T,(M). The exponential map means that tangent vector
X, = X*"e, defines a point ¢ in the neighbourhood of p. We simply assign this point
coordinates

a'(q) = X"
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These are the normal coordinates.

If we pick the initial basis {e,} to be orthonormal, then the geodesics will point in
orthogonal directions which ensures that the metric takes the form g, (p) = 0,,.

To see that the first derivative of the metric also vanishes, we first fix a point ¢
associated to a given tangent vector X € T,(M). This tells us that the point g sits a
distance 7 = 1 along the geodesic. We can now ask: what tangent vector will take us
a different distance along this same geodesic? Because the geodesic equation (3.29) is
homogeneous in 7, if we halve the length of X then we will travel only half the distance
along the geodesic, i.e. to 7 = 1/2. In general, the tangent vector 7X will take us a
distance 7 along the geodesic

Exp: 71X, = o"(1) =17X"
This means that the geodesics in these coordinates take the particularly simply form
o (r) = TX*

Since these are geodesics, they must solve the geodesic equation (3.29). But, for tra-
jectories that vary linearly in time, this is just

I, (x(r)) X X" =0

This holds at any point along the geodesic. At most points z(7), this equation only
holds for those choices of X” which take us along the geodesic in the first place. How-
ever, at z(7) = 0, corresponding to the point p of interest, this equation must hold
for any tangent vector X*#. This means that F’épy) (p) = 0 which, for a torsion free
connection, ensures that I' (p) = 0.

Vanishing Christoffel symbols means that the derivative of the metric vanishes. This
follows for the Levi-Civita connection by writing 2¢,,1'%, = gupv + Guvp — Gpu- Sym-
metrising over (up) means that the last two terms cancel, leaving us with g¢,,, = 0
when evaluated at p.

The Equivalence Principle

Normal coordinates play an important conceptual role in general relativity. Any ob-
server at point p who parameterises her immediate surroundings using coordinates
constructed by geodesics will experience a locally flat metric, in the sense of (3.30).
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This is the mathematics underlying the Einstein equivalence principle. This principle
states that any freely falling observer, performing local experiments, will not experience
a gravitational field. Here “freely falling” means the observer follows geodesics, as
we saw in Section 1 and will naturally use normal coordinates. In this context, the
coordinates are called a local inertial frame. The lack of gravitational field is the
statement that g, (p) = ...

Key to understanding the meaning and limitations of the equivalence principle is
the word “local”. There is a way to distinguish whether there is a gravitational field
at p: we compute the Riemann tensor. This depends on the second derivative of the
metric and, in general, will be non-vanishing. However, to measure the effects of the
Riemann tensor, one typically has to compare the result of an experiment at p with an
experiment at a nearby point ¢: this is considered a “non-local” observation as far as
the equivalence principle goes. In the next two subsections, we give examples of physics
that depends on the Riemann tensor.

3.3.3 Path Dependence: Curvature and Torsion

Take a tangent vector Z, € T,(M), and parallel transport it along a curve C' to some
point » € M. Now parallel transport it along a different curve C” to the same point 7.
How do the resulting vectors differ?

To answer this, we construct each of our curves C' and C’ from two segments, gener-
ated by linearly independent vector fields, X and Y satisfying [X, Y] = 0 as shown in
Figure 18. To make life easy, we’ll take the point r to be close to the original point p.

We pick normal coordinates x* = (7, 0,0, ...) so that the starting point is at z*(p) = 0
while the tangent vectors are aligned along the coordinates, X = 0d/07 and Y = 0/00.
The other corner points are then x*(q) = (7,0,0,...), 2#(r) = (07,60,0,...) and
x*(s) = (0,60,0,...) where 7 and do are taken to be small. This set-up is shown in
Figure 18.

First we parallel transport Z, along X to Z,. Along the curve, Z* solves (3.27)

dzr
X2 =0 (3.32)

We Taylor expand the solution as

dz 1 d*z+
A A=

0
= T+

7=0

o + (9(57‘3)

7=0
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:(0,0
#(059) r: (87,00)

p:(0,0)

Figure 18. Parallel transporting a vector Z, along two different paths does not give the
same answer.

From (3.32), we have dZ“/dT|O = 0 because, in normal coordinates, I'* (p) = 0. We
can calculate the second derivative by differentiating (3.32) to find
A

dr?

dr dr dr (3.33)

dre,  dxv dze
= - <X”Zp—p + = Z°TH X”—F;;V)

7=0 P

dIr#
— _ Xvgr_—_
dr »
= —(X"X7ZT", )p

pv,o

Here the second line follows because we’re working in normal coordinates at p, and the
final line because 7 is the parameter along the integral curve of X, so d/dr = X?0,.
We therefore have

1
Zh = 70— —(XYX ZPT" ), 67% + ... (3.34)

q p 2 pv,o

Now we parallel transport once more, this time along Y to Z*. The Taylor expansion
now takes the form
d>ZH

dz* 1
2 do?

Z“:Z“—i——‘ do +
q

" 7 do

§a® + O(60°) (3.35)
q

We can again evaluate the first derivative dZ*/do|, using the analog of the parallel
transport equation (3.32),

dz*

| = —(YYZ'T% ),

q
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Since we're working in normal coordinates about p and not ¢, we no longer get to argue
that this term vanishes. Instead we Taylor expand about p to get

(YYZPTH)y = (Y ZPXTH, ), 67 + ...

pv,o

Note that in principle we should also Taylor expand Y” and Z” but, at leading order,
these will multiply I', (p) = 0, so they only contribute at next order. The second order
term in the Taylor expansion (3.35) involves d?Z"/do?|, and there is an expression
similar to (3.33). To leading order the dX"/do and dZ”/do terms are again absent
because they are multiplied by I'¥ (q) = dI', /dr|, d7. We therefore have

d>zn -

S| =Yz, )+

pv,o
q

= —(YYYOZTH, )+ ...

pv,o

where we replaced the point ¢ with point p because they differ only subleading terms
proportional to 67. The upshot is that this time the difference between Z}' and Z!
involves two terms,

1
2t = 2y = (Y ZP XY, )y 07d0 — S (Y'Y 20T, ), S0 + ...

pU,o pv,o
Finally, we can relate Z} to Z}' using the expression (3.34) that we derived previously.
We end up with
1
2l =7} — (T, 0)p [XVX7 2P 67° + 2YV 2P X7 G061 + Y'Y 2P 50°] + ...

2 pv,o

where ... denotes any terms cubic or higher in small quantities.

Now suppose we go along the path C’, first visiting point s and then making our way
to r. We can read the answer off directly from the result above, simply by swapping X
and Y and o and 7; only the middle term changes,

1
AL §(rf;w)p [(X"X7ZP 61 + 22XV ZPY 7 $00T + Y'Y 2P §0°] + ...

We find that
AZb =271 —ZF =—T", =T ),(Y'Z°X7),000T + ...

pv,o po,v

= (R )oY 2P X)), 000T + ...

where, in the final equality, we've used the expression for the Riemann tensor in com-
ponents (3.15), which simplifies in normal coordinates as I's_(p) = 0. Note that, to the
order we're working, we could equally as well evaluate R¥,,, XV Z?Y? at the point r;
the two differ only by higher order terms.
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Although our calculation was performed with a particular choice of coordinates,
the end result is written as an equality between tensors and must, therefore, hold in
any coordinate system. This is a trick that we will use frequently throughout these
lectures: calculations are considerably easier in normal coordinates. But if the resulting
expression relate tensors then the final result must be true in any coordinate system.

We have discovered a rather nice interpretation of the Riemann tensor: it tells us
the path dependence of parallel transport. The calculation above is closely related
to the idea of holonomy. Here, one transports a vector around a closed curve C' and
asks how the resulting vector compares to the original. This too is captured by the
Riemann tensor. A particularly simple example of non-trivial holonomy comes from
parallel transport of a vector on a sphere: the direction that you end up pointing in
depends on the path you take.

The Meaning of Torsion

We discarded torsion almost as soon as we met it, choosing to work with the Levi-
Civita connection which has vanishing torsion, I'} , = I'}, . Moreover, as we will see
in Section 4, torsion plays no role in the theory of general relativity which makes use
of the Levi-Civita connection. Nonetheless, it is natural to ask: what is the geometric
meaning of torsion? There is an answer to this that makes use of the kind of parallel
transport arguments we used above.

This time, we start with two vectors X,Y &
T,(M). We pick coordinates x* and write these g X/ g
vectors as X = X*0, and Y = Y*0,. Starting
from p € M, we can use these two vectors to Y

construct two points infinitesimally close to p.
We call these points r and s respectively: they
have coordinates X r

r:az'+ X" and s:at+YVe
where € is some infinitesimal parameter.

We now parallel transport the vector X € T,,(M) along the direction of Y to give a
new vector X’ € Ty(M). Similarly, we parallel transport Y along the direction of X to
get a new vector Y € T,.(M). These new vectors have components

X' = (Xt — " Y'XP)9, and Y= (Y D4 XUY?)),
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Each of these tangent vectors now defines a new point. Starting from point s, and
moving in the direction of X', we see that we get a new point ¢ with coordinates

q: 2+ (XF4+YH")e—eTh YV XP

Meanwhile, if we sit at point r and move in the direction of Y’, we get to a typically
different point, ¢, with coordinates

toakt+ (XF+YH)e— 62F’;pX”Yp

We see that if the connection has torsion, so I'},, # I'Y | then the two points ¢ and ¢ do
not coincide. In other words, torsion measures the failure of the parallelogram shown

in figure to close.

3.3.4 Geodesic Deviation

Consider now a one-parameter family of geodesics, with coordinates x*(7;s). Here 7
is the affine parameter along the geodesics, all of which are tangent to the vector field
X so that, along the surface spanned by z* (7, s), we have

ox*
XH— 2
or

Meanwhile, s labels the different geodesics, as shown in Figure 19. We take the tangent

vector in the s direction to be generated by a second vector field S so that,

oz
w_ I
S 0s

The tangent vector S* is sometimes called the deviation vector; it takes us from one

geodesic to a nearby geodesic with the same affine parameter 7.

The family of geodesics sweeps out a surface embedded in the manifold. This gives
us some freedom in the way we assign coordinates s and 7. In fact, we can always pick
coordinates s and ¢ on the surface such that S = 0/0s and X = 0/0t, ensuring that

1S, X] =0

Roughly speaking, we can do this if we use 7 and s as coordinates on some submanifold
of M. Then the vector fields can be written simply as X = 0/07 and S = 9/0s and
(X, S] =0.
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—— =constant S

—— =constant T

Figure 19. The black lines are geodesics generated by X. The red lines label constant 7 and
are generated by S, with [X,S] = 0.

We can ask how neighbouring geodesics behave. Do they converge? Or do they
move further apart? Now consider a connection I' with vanishing torsion, so that
VxS —VeX =[X,S]. Since [X,S] =0, we have

VxVxS =VxVsX =VsVxX —i—R(X, S)X

where, in the second equality, we’ve used the expression (3.14) for the Riemann tensor
as a differential operator. But VxX = 0 because X is tangent to geodesics, and we
have

VxVxS=R(X,9NX
In index notation, this is
X"V, (X*PV,5") = R!,,, X" XPS7

If we further restrict to an integral curve C' associated to the vector field X, as in
(3.25), this equation is sometimes written as

D2s"

D72 = R“VPJXVXpSJ (336)

where D /Dt is the covariant derivative along the curve C, defined by D/D1 = %‘—:VH.
The left-hand-side tells us how the deviation vector S* changes as we move along the
geodesic. In other words, it is the relative acceleration of neighbouring geodesics. We
learn that this relative acceleration is controlled by the Riemann tensor.

Experimentally, such geodesic deviations are called tidal forces. We met a simple
example in Section 1.2.4.
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An Example: the Sphere S? Again

It is simple to determine the geodesics on the sphere S? of radius r. Using the Christoffel
symbols (3.19), the geodesic equations are

20 beosn (42 2 1 d2¢__2cos9dgbd0
dr? S YOS dr an dr? sin @ dr dr

The solutions are great circles. The general solution is a little awkward in these coor-
dinates, but there are two simple solutions.

e We can set § = 7/2 with 0 = 0 and ¢ = constant. This is a solution in which
the particle moves around the equator. Note that this solution doesn’t work for
other values of 6.

e We can set ¢ = 0 and 6 = constant. These are paths of constant longitude and
are geodesics for any constant value of ¢. Note, however, that our coordinates go
a little screwy at the poles § =0 and 6 = 7.

To illustrate geodesic deviation, we’ll look at the second class of solutions; the particle
moves along 6§ = v7, with the angle ¢ specifying the geodesic. This set-up is simple
enough that we don’t need to use any fancy Riemann tensor techniques: we can just
understand the geodesic deviation using simple geometry. The distance between the
geodesic at ¢ = 0 and the geodesic at some other longitude ¢ is

s(T) =r¢sinf = r¢sin(vr) (3.37)

Now let’s re-derive this result using our fancy technology. The geodesics are generated
by the vector field X% = v. Meanwhile, the separation between geodesics at a fixed 7
is S¢ = s(7). The geodesic deviation equation in the form (3.36) is

d?s
d_’7'2 == UQR¢99¢ S(T)

We computed the Riemann tensor for S? in (3.20); the relevant component is
Rgpop = —r’sin®d = R¢99¢ = 9¢¢R¢99¢ = -1 (3.38)

and the geodesic deviation equation becomes simply

gz U

which is indeed solved by (3.37).
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3.4 More on the Riemann Tensor and its Friends

Recall that the components of the Riemann tensor are given by (3.15),

Ry = 0,1, — 0,1, + rﬁp x— rzp 7\ (3.39)

We can immediately see that the Riemann tensor is anti-symmetric in the final two
indices

o _ __pno
R? ppy = =Ry

However, there are also a number of more subtle symmetric properties satisfied by the
Riemann tensor when we use the Levi-Civita connection. Logically, we could have
discussed this back in Section 3.2. However, it turns out that a number of statements
are substantially simpler to prove using normal coordinates introduced in Section 3.3.2.

Claim: If we lower an index on the Riemann tensor, and write R, ., = go.,\R’\pW then
the resulting object also obeys the following identities

® Ropw = —Ropup-
® Ropuw = —Rpgpu-
® Ropuw = Ruvoyp-
* Rofpu) = 0.

Proof: We work in normal coordinates, with F)‘W = 0 at a point. The Riemann tensor
can then be written as

Ropuw = Gox (auFAVp - aur/\up)

1
D) (0u(0v9op + OpGvo = 0o9up) = 0u(Oudop + OpGuo — O Gup))

1
= 5 (auapgua - auaagup - auapguo + auaag,up)

where, in going to the second line, we used the fact that 9,9’ = 0 in normal coor-
dinates. The first three symmetries are manifest; the final one follows from a little
playing. (It is perhaps quicker to see the final symmetry if we return to the Christoffel
symbols where, in normal coordinates, we have R?,,, = 0,I'7,, — 9,I'7,,.) But since

the symmetry equations are tensor equations, they must hold in all coordinate systems.
O
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Claim: The Riemann tensor also obeys the Bianchi identity
V[/\Rop]uu =0 (340)

Alternatively, we can anti-symmetrise on the final two indices, in which case this can
be written as R [,y = 0.

Proof: We again use normal coordinates, where V\R, ., = xRy, at the point p.
Schematically, we have R = 0T + I'T', so R = 9*I' + 'Ol and the final IO term is
absent in normal coordinates. This means that we just have R = 9°T" which, in its
full coordinated glory, is

1
a)\Rap;w = 58)\ (auapgua - auaagup - &Japgua + auaagup)
Now anti-symmetrise on the three appropriate indices to get the result. 0

For completeness, we should mention that the identities R,(,.) = 0 and V[yRgp) =
0 (sometimes called the first and second Bianchi identities respectively) are more gen-
eral, in the sense that they hold for an arbitrary torsion free connection. In contrast, the
other two identities, R,/ = —Ryou and Rypu = Ryuep hold only for the Levi-Civita
connection.

3.4.1 The Ricci and Einstein Tensors

There are a number of further tensors that we can build from the Riemann tensor.

First, given a rank (1,3) tensor, we can always construct a rank (0,2) tensor by
contraction. If we start with the Riemann tensor, the resulting object is called the
Ricci tensor. 1t is defined by

_ pp
RW = R

The Ricci tensor inherits its symmetry from the Riemann tensor. We write R, =
gngaupV = ngRpl/O',u) glVng us

Ry = Ry

We can go one step further and create a function R over the manifold. This is the Ricci
scalar,

R=g¢"R,,
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The Bianchi identity (3.40) has a nice implication for the Ricci tensor. If we write the
Bianchi identity out in full, we have

v/\RUp;u/ + VJRp)\;U/ + va)\O'p,V =0
x ¢g” = VPR, —V,R+V'R,, =0

which means that

i 1

VIR, = §v,,R
This motivates us to introduce the Finstein tensor,
1
ij = RMV — §ng,

which has the property that it is covariantly constant, meaning

VG, =0 (3.41)
We’ll be seeing much more of the Ricci and Einstein tensors in the next section.

3.4.2 Connection 1-forms and Curvature 2-forms

Calculating the components of the Riemann tensor is straightforward but extremely
tedious. It turns out that there is a slightly different way of repackaging the connection
and the torsion and curvature tensors using the language of forms. This not only
provides a simple way to actually compute the Riemann tensor, but also offers some
useful conceptual insight.

Vielbeins

Until now, we have typically worked with a coordinate basis {e,} = {0, }. However, we
could always pick a basis of vector fields that has no such interpretation. For example,
a linear combination of a coordinate basis, say

€q = €4 0,
will not, in general, be a coordinate basis itself.

Given a metric, there is a non-coordinate basis that will prove particularly useful for
computing the curvature tensor. This is the basis such that, on a Riemannian manifold,

g(éaa éb) = g,ul/eaueby = Ogb
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Alternatively, on a Lorentzian manifold we take

9(as &) = guveaer” = Nap (3.42)

The components e,* are called wvielbeins or tetrads. (On an n-dimensional mani-
fold, these objects are usually called “German word for n”-beins. For example, one-
dimensional manifolds have einbeins; four-dimensional manifolds have vierbeins.)

The is reminiscent of our discussion in Section 3.1.2 where we mentioned that we can
always find coordinates so that any metric will look flat at a point. In (3.42), we've
succeeded in making the manifold look flat everywhere (at least in a patch covered by
a chart). There are no coordinates that do this, but there’s nothing to stop us picking
a basis of vector fields that does the job. In what follows, pv indices are raised /lowered
with the metric g, while a,b indices are raised/lowered with the flat metric dqp, or 7.
We will phrase our discussion in the context of Lorentzian manifolds, with an eye to
later applications to general relativity.

The vielbeins aren’t unique. Given a set of vielbeins, we can always find another set
related by

éa” — eb‘u(Ail)ba Wlth AaCAbdncd == nab (343>

These are Lorentz transformations. However now they are local Lorentz transformation,
because A can vary over the manifold. These local Lorentz transformations are a
redundancy in the definition of the vielbeins in (3.42).

The dual basis of one-forms {6} is defined by 0%(é,) = 62. They are related to the
coordinate basis by

Nna __ a o
0 = e, dv

Note the different placement of indices: e, is the inverse of e,”, meaning it satisfies
et et = 0y and e, e,” = (5;;. In the non-coordinate basis, the metric on a Lorentzian
manifold takes the form

g = gudrt @ dx” = nabéa R = G = eaueb,,nab

For Riemannian manifolds, we replace 7y, with 4.
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The Connection One-Form

Given a non-coordinate basis {é,}, we can define the components of a connection in
the usual way (3.8)

~ a A
Véceb = Fcb [

Note that, annoyingly, these are not the same functions as I'},, which are the compo-

nents of the connection computed in the coordinate basis! You need to pay attention to
whether the components are Greek i, v etc which tells you that we’re in the coordinate
basis, or Roman a, b etc which tells you we're in the vielbein basis.

We then define the matrix-valued connection one-form as
Wy, = T4 6° (3.44)

This is sometimes referred to as the spin connection because of the role it plays in
defining spinors on curved spacetime. We’ll describe this in Section 4.5.6.

The connection one-forms don’t transform covariantly under local Lorentz transfor-
mations (3.43). Instead, in the new basis, the components of the connection one-form
are defined as Vg ¢ = I'¢ &,. You can check that the connection one-form transforms
as

Q% = A% w (AN + A% (dATHe, (3.45)

The second term reflects the fact that the original connection components I}, do not
transform as a tensor, but with an extra term involving the derivative of the coordinate
transformation (3.13). This now shows up as an extra term involving the derivative of
the local Lorentz transformation.

There is a rather simple way to compute the connection one-forms, at least for a
torsion free connection. This follows from the first of two Cartan structure relations:

Claim: For a torsion free connection,
d6* + w% NG =0 (3.46)
Proof: We first look at the second term,
why A" =T9, (e, dx") A (e’ da”)
The components I'?,, are related to the coordinate basis components by

Ie = e el (Oue,” + eb”Fﬁy) =ee 'V, e (3.47)
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So

Wi AP = e“pec’\ecueby (Ore)” + €, ) dx* A da”

__a b p o v
= e’,e”,0,e dat N\ dx

where, in the second line we’ve used eCAeCH = (5;‘ and the fact that the connection is

torsion free so Fﬁw] = 0. Now we use the fact that e’,e,” = 62, so €%,0,e,” = —€,P0,,€’,,.
We have
Wiy A Qe = —e%,e,L0,eb, dat A dx”
= —0ue’, dz" Ndz¥ = —db®
which completes the proof. O

The discussion above was for a general connection. For the Levi-Civita connection,
we have a stronger result

Claim: For the Levi-Civita connection, the connection one-form is anti-symmetric
Wap = —Whqa (348)

Proof: This follows from the explicit expression (3.47) for the components I'?,. Low-
ering an index, we have

d d o d
1—‘abc = Tad € pebuvuecp = —Tad ecpebuvue p = _ncfefaebuvu(nadgp € ,0)

where, in the final equality, we've used the fact that the connection is compatible with
the metric to raise the indices of e?, inside the covariant derivative. Finishing off the
derivation, we then have

1—‘obbc = Ny efpeb#v,ueap = _Fcba
The result then follows from the definition w,, = Fad,éc. O

The Cartan structure equation (3.46), together with the anti-symmetry condition
(3.48), gives a quick way to compute the spin connection. It’s instructive to do some
counting to see how these two equations uniquely define w?,. In particular, since wyy, is
anti-symmetric, one might think that it has %n(n — 1) independent components, and
these can’t possibly be fixed by the n Cartan structure equations (3.46). But this is
missing the fact that w,, are not numbers, but are one-forms. So the true number of
components in wey is n X %n(n —1). Furthermore, the Cartan structure equation is an
equation relating 2-forms, each of which has %n(n — 1) components. This means that
it’s really n x %n(n — 1) equations. We see that the counting does work, and the two

fix the spin connection uniquely.
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The Curvature Two-Form

We can compute the components of the Riemann tensor in our non-coordinate basis,
a na. s 5 4
R%ca = R(0"; &, €q, &)

The anti-symmetry of the last two indices, R%.q = —R%q., makes this ripe for turning
into a matrix of two-forms,

1 R R
R = 5 R%eat° N 6? (3.49)

The second of the two Cartan structure relations states that this can be written in
terms of the curvature one-form as

Rab = dwab -+ wac A wcb (350)

The proof of this is mechanical and somewhat tedious. It’s helpful to define the quan-
tities [éq4, €] = far©é. along the way, since they appear on both left and right-hand
sides.

3.4.3 An Example: the Schwarzschild Metric

The connection one-form and curvature two-form provide a slick way to compute the
curvature tensor associated to a metric. The reason for this is that computing exterior
derivatives takes significantly less effort than computing covariant derivatives. We will
illustrate this for metrics of the form,

ds* = —f(r)?dt* + f(r)"2dr® + r*(d6* + sin® 0 d¢?) (3.51)

For later applications, it will prove useful to compute the Riemann tensor for this metric
with general f(r). However, if we want to restrict to the Schwarzschild metric we can
take

2GM
fr)=y/1-= (3.52)
The basis of non-coordinate one-forms is
= fdt , 0'=frdr , @®=rdd , 6 =rsinfdso (3.53)

Note that the one-forms § should not be confused with the angular coordinate 6! In
this basis, the metric takes the simple form

ds® = nabéa ® 6
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We now compute dée. Calculationally, this is straightforward. In particular, it’s sub-
stantially easier than computing the covariant derivative because there’s no messy
connection to worry about. The exterior derivatives are simply

di® = f'dr ndt , dO* =0 , dO®>=drAdf , d6® =sinfdr Add+rcoslddd A dd

The first Cartan structure relation, do® = —wy A éb, can then be used to read off the
connection one-form. The first equation tells us that w® = f'fdt = f'6°. We then
use the anti-symmetry (3.48), together with raising and lowering by the Minkowski
metric n = diag(—1,+1,+1, +1) to get wy = w19 = —wp1 = w’;. The Cartan structure
equation then gives df! = —w'g A%+ .. and the w'y A#° contribution happily vanishes
because it is proportional to 6% A 0 = 0.

Next, we take w?; = fd@ = (f/r)0? to solve the df?® structure equation. The anti-
symmetry (3.48) gives wly = —w?; = —(f/r)6? and this again gives a vanishing contri-
bution to the df' structure equation.

Finally, the df® equation suggests that we take w3; = fsinfd¢ = (f/r)6? and w3, =
cosfdg = (1/r)cot 6%, These anti-symmetric partners w's = —w3; and w?3 = —w3,

do nothing to spoil the df' and df? structure equations, so we're home dry. The final

result is
1 _ 10 2 1 f 50
wi=wo=f60 , wihi=—-wsy==0
T
n cot 0 »
r

Now we can use this to compute the curvature two-form. We will focus on
RY = dw’ + W’ A w4
We have
m%:ﬂﬁ+fwmm=<wﬁ+ﬂﬁmAﬁ

The second term in the curvature 2-form is w’. A w¢ = w% A w'; = 0. So we're left
with

ROy = ((F)2+ £ )dr ndt = ((f)2 + 17 )8 A 6°

The other curvature 2-forms can be computed in a similar fashion. We can now read
off the components of the Riemann tensor in the non-coordinate basis using (3.49).
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(We should remember that we get a contribution from both RY,, and R%,, = —R°%,,,
which cancels the factor of 1/2 in (3.49).) After lowering an index, we find that the
non-vanishing components of the Riemann tensor are

ROlOl = ff” + (f/)2

Roos = 1
T
R0303 - ﬁ
T
R1212 — _ff
"
R1313 - _ff
"
1_ 2
Rogos = Qf
T

We can also convert this back to the coordinates x* = (t,7,0, ¢) using

b

a c d
R =c¢ .€7,€°,e Rabed

This is particularly easy in this case because the matrices e* defining the one-forms
(3.53) are diagonal. We then have

Rtrtr = ff// + (fl)2
Rigro = fo/T
Rt¢t¢ = fgf/’/’ sin2 0

"r
Roorg = _fT (3.54)
RT¢T¢ = —% Sin2 0

R9¢9¢ = (1 — f2)7’2 SiIl2 0
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Finally, if we want to specialise to the Schwarzschild metric with f(r) given by (3.52),

we have
2G' M
Rtrtr = - 3
GM(r —2GM)
Rigrg = 2
GM(r—2GM) .
Riprg = ( 2 ) sin? 6
GM
fooro = =3 5GM
GM sin? 6

RT‘ Y ——
e - 2GM
R9¢9¢ = 2GMr Sin2 0

Although the calculation is a little lengthy, it turns out to be considerably quicker than
first computing the Levi-Civita connection and subsequently motoring through to get
the Riemann tensor components.

3.4.4 The Relation to Yang-Mills Theory

It is no secret that the force of gravity is geometrical. However, the other forces are
equally as geometrical. The underlying geometry is something called a fibre bundle,
rather than the geometry of spacetime.

We won'’t describe fibre bundles in this course, but we can exhibit a clear similarity
between the structures that arise in general relativity and the structures that arise
in the other forces, which are described by Maxwell theory and its generalisation to
Yang-Mills theory.

Yang-Mills theory is based on a Lie group G which, for this discussion, we will take
to be SU(N) or U(N). If we take G = U(1), then Yang-Mills theory reduces to
Maxwell theory. The theory is described in terms of an object that physicists call a
gauge potential. This is a spacetime “vector” A, which lives in the Lie algebra of G. In
more down to earth terms, each component is an anti-Hermitian N x N matrix, (4,)%,

¢

with a,b=1,..., N. In fact, as we saw above, this “vector” is really a one-form. The

novelty is that it’s a Lie algebra-valued one-form.

Mathematicians don’t refer to A, as a gauge potential. Instead, they call it a con-
nection (on a fibre bundle). This relationship becomes clearer if we look at how A,
changes under a gauge transformation

A, =04,0"+00,07"
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where Q(z) € G. This is identical to the transformation property (3.45) of the one-form
connection under local Lorentz transformations.

In Yang-Mills, as in Maxwell theory, we construct a field strength. In components,
this is given by

(Fu) = 0u(Au)% = 0u(Au) + [Ap, Al
Alternatively, in the language of forms, the field strength becomes
% = dAab + A% A Acb

Again, there is an obvious similarity with the curvature 2-form introduced in (3.50).
Mathematicians refer to the Yang-Mills field strength the “curvature”.

A particularly quick way to construct the Yang-Mills field strength is to take the
commutator of two covariant derivatives. It is simple to check that

[Dm DV] = FMV

where I've suppressed the a, b indices on both sides. This is the gauge theory version
of the Ricci identity (3.16): for a torsion free connection,

V., V.27 =R°,,,2°
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4 The Einstein Equations

It is now time to do some physics. The force of gravity is mediated by a gravitational
field. The glory of general relativity is that this field is identified with a metric g,, ()
on a 4d Lorentzian manifold that we call spacetime.

This metric is not something fixed; it is, like all other fields in Nature, a dynamical
object. This means that there are rules which govern how this field evolves in time.
The purpose of this section is to explore these rules and some of their consequences.

We will start by understanding the dynamics of the gravitational field in the absence
of any matter. We will then turn to understand how the gravitational field responds
to matter — or, more precisely, to energy and momentum — in Section 4.5.

4.1 The Einstein-Hilbert Action

All our fundamental theories of physics are described by action principles. Gravity is
no different. Furthermore, the straight-jacket of differential geometry places enormous
restrictions on the kind of actions that we can write down. These restrictions ensure
that the action is something intrinsic to the metric itself, rather than depending on our
choice of coordinates.

Spacetime is a manifold M, equipped with a metric of Lorentzian signature. An
action is an integral over M. We know from Section 2.4.4 that we need a volume-form
to integrate over a manifold. Happily, as we have seen, the metric provides a canonical
volume form, which we can then multiply by any scalar function. Given that we only
have the metric to play with, the simplest such (non-trivial) function is the Ricci scalar
R. This motivates us to consider the wonderfully concise action

S = /d4x V—=gR (4.1)

This is the Finstein-Hilbert action. Note that the minus sign under the square-root
arises because we are in a Lorentzian spacetime: the metric has a single negative
eigenvalue and so its determinant, g = det g,,,,, is negative.

As a quick sanity check, recall that the Ricci tensor takes the schematic form (3.39)
R ~ OI' + I'T" while the Levi-Civita connection itself is I' ~ dg. This means that the
Einstein-Hilbert action is second order in derivatives, just like most other actions we
consider in physics.
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