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Some non-perturbative constraints on supersymmetry breaking are derived. It is demonstrated

that dynamical supersymmetry breaking does not occur in certain interesting classes of theories.

One of the most remarkable ideas in particle physics - and an idea that has not

yet found its place in our understanding of nature - is supersymmetry [1]. Recently,
there has been renewed interest in attempting to make a realistic model of particle

physics based on supersymmetry [2-6].

If supersymmetry plays a role in nature it certainly is spontaneously broken,

because we do not observe degenerate Bose-Fermi multiplets. It is therefore crucial

to understand under what conditions supersymmetry is spontaneously broken.

A realistic model of particle physics based on supersymmetry might be a model in

which supersymmetry is spontaneously broken at the tree level. The conditions

under which supersymmetry is spontaneously broken at the tree level are well

understood. On the other hand, a realistic description of particle physics might
require a model in which supersymmetry is unbroken at the tree level but broken

dynamically by the quantum corrections. The purpose of this paper is to derive some

constraints on the conditions under which dynamical breaking of supersymmetry
can occur.

Spontaneous breaking of supersymmetry has a number of special features, some

of which were reviewed in ref. [2]. Supersymmetry is unbroken if and only if the
energy of the vacuum is exactly zero. From this it follows that even in weakly

coupled theories with small, well-defined coupling constants, it is in general difficult

to decide whether supersymmetry is spontaneously broken. Even if the vacuum

energy appears to be zero in some approximation, tiny corrections that have been

neglected may cause the energy to be small but non-zero. Some explicit examples in

which this occurs were given in ref. [2].

It is rather extraordinary that one cannot straightforwardly decide, even in the

case of a weakly coupled theory, whether supersymmetry is spontaneously broken.

*Research supported in part by NSF grant PHY80-19754.
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Of course, it is even more difficult to decide this in the case of strongly coupled

theories. In this paper, a new approach will be introduced which resolves this

question in many interesting cases.

Certain quantities will be defined which can be calculated reliably in perturbation

theory and which must vanish in order for supersymmetry breaking to be possible.
In many interesting cases these quantities do not vanish; this establishes that in

those theories supersymmetry is not spontaneously broken.

The quantities in question are, roughly speaking, topological invariants of the field

theory. We have become accustomed to defining topological quantum numbers of

individual classical field configurations. In supersymmetric theories, it is, as we will

see, useful to define certain topological quantum numbers which are properties of

the entire theory, not of any particular field configuration.

In sects. 2-4 some general constraints on supersymmetry breaking will be

formulated. Simple applications to theories of spin 0 and spin fields only are dis-

cussed in sect. 5. Abelian gauge theories are the subject of sect. 6. In sects. 7-9, we

study non-abelian gauge theories, and in sect. 10 we apply our techniques to the

supersymmetric non-linear sigma model. Conclusions are drawn in sect. 11.

The approach in this paper was suggested in part by 't Hooft's use of periodic
boundary conditions and there are some analogies with his discussion of chiral

symmetry breaking in confining theories [8].

2. Tr(-1)F

It is very useful to consider supersymmetric theories formulated in a finite spatial

volume. In a finite volume the spectrum of the hamiltonian is discrete; states in

Hilbert space can be counted in a clear-cut, well-defined way; there are only a finite

number of states with less than a given energy.

Since translations areare part of the supersymmetry algebra, we must adopt boundary

conditions that preserve translation invariance in order not to break supersymmetry

explicitly. This means that we must use periodic boundary conditions - which is

equivalent to taking space to be a three-dimensional torus. To preserve supersymme-

try we must use the same boundary conditions for bosons as for fermions (periodic

rather than antiperiodic in the spatial directions).

One could not ordinarily learn whether an internal symmetry is spontaneously

broken by studying a theory formulated in a finite volume, because, ordinarily, an
internal symmetry is unbroken in a finite volume whether or not it becomes broken

in the infinite volume limit. Mixing between the various states usually ensures that,

in a finite volume, the ground state is invariant under all internal symmetries, even

though, in the infinite volume limit, the theory may break up into several sectors
with the symmetry broken in each sector.

By contrast, supersymmetry can perfectly well be spontaneously broken in a finite

volume. Supersymmetry breaking just means that the ground-state energy is positive,
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possible for supersymmetric volume or even for

supersymmetric theories with only a finite number of degrees of freedom [2].

If supersymmetry is unbroken in an arbitrary finite volume V, this means that the

ground-state energy E(V) is zero for every V. Since the large-V limit of zero is zero,

this means that the ground-state energy is zero in the infinite volume limit, and that

supersymmetry is unbroken in this limit.

The converse is not true. Supersymmetry may be broken in any finite volume yet

restored in the infinite volume limit. If supersymmetry is broken in a finite volume,

so that E(V) is positive, it may still be that E(V) [or more pertinently, E(V)/A[
vanishes as V becomes large. An example in which this occurs is described in

appendix А.

In this paper, certain methods will be developed for proving that in certain classes

of theories, supersymmetry is unbroken in any finite volume. As just explained, this

suffices for proving that supersymmetry is unbroken in the infinite volume limit. The

methods in this paper are less useful for proving that supersymmetry is broken in a

finite volume, and even when this is possible it does not lead to a definite conclusion

about the infinite volume theory, since, as just noted, supersymmetry may be
restored in the infinite volume limit.

Given a theory defined in a volume V with a Hilbert space C, our main concern is

with the possible existence in C of zero-energy states. In supersymmetric theories,

the energy E is equal to or greater than the magnitude of the momentum P| for any

state. Zero-energy states must therefore have P= 0, and we lose nothing by restrict-

ing our attention to the P= 0 subspace of K.

In the subspace of states of zero momentum, the supersymmetry algebra is

particularly simple. In a basis of properly normalized hermitian supersymmetry

charges Q1222к (K=4 for simple supersymmetry in four dimensions) the
algebra is

Q? = Q3 = =  Q=H,

2L, +2,;=0, for i j. (1)

In this section it will be sufficient for us to work with any one of the Q,, which we

will simply denote as Q.

Supersymmetry maps bosons into fermions and maps fermions into bosons.

Actually, in a finite volume the concept of an individual "particle" is ill-defined, but

it makes sense to think of bosonic states and fermionic states in Hilbert space. A

bosonic state b) satisfies exp(2πiJ)|b)=|b); a fermionic state |f) satisfies

exp(2πiJ.)|f)= −|f). Of course, a bosonic state may be any state which in the

infinite volume limit goes over to a configuration of, say, 92 neutrons and 148 pions.

We will often make use of the operator

(-1)*=exp(2πiJ.) (2)



256 E. Witten / Constraints on supersymmetry breaking

that distinguishes bosons from fermions. Of course, in a finite volume the infinites-

imal rotation generator J. is not well defined, but ninety degree rotations such as
exp(inJ.) make sense; (2) should be understood as the fourth power of the ninety
degree rotation operator.

The crucial observation is that the states of non-zero energy are paired by the

action of Q. Let |b) be any bosonic state of non-zero energy E. Define a fermionic

state |f)=(1/√E)Q|b) (which is normalized if |b) is, since Q2 = H). The action of

Qon b) and f) is then

Q[b)=√E [f), Qf)=E b), (3)

where the second equation is chosen to satisfy Q2 = H. All states of non-zero energy

are paired in two-dimensional supermultiplets with this structure. (Had we consid-

ered all the Q, and not just one, the supermultiplets may be larger; the enlarged
structure is not relevant for our purposes here.)

On the other hand, the zero-energy states are not paired in this way. With Q2 = H

and hermitian, each state annihilated by H is also annihilated by Q. Any bosonic

or fermionic state of zero energy satisfies 0|b)=0 or Q|f)=0. They form trivial,
one-dimensional supersymmetry multiplets. In general, there may be an arbitrary

number n0 of zero-energy bosonic states, and an arbitrary number n=0 of

zero-energy fermionic states.

The most general allowed form for the spectrum is indicated in fig. 1. There are

paired states of positive energy, and there may be states, not necessarily paired, of

zero energy.

What happens now as we vary the parameters of this theory? Here, the "parame-

ters" should be understood as the volume, the mass m,, and the coupling constants

8i

As we vary the parameters, the states of non-zero energy move around in energy.

They move, of course, in Bose-Fermi pairs. Conceivably, as the parameters are
varied, one of these E ≠0 pairs may move down to E = 0. In this case (fig. 2), n=0

and n=0 both increase by one.

Conceivably, as the parameters are varied, some states of zero energy may gain
non-zero energy. It is not possible for a single zero-energy state to acquire a non-zero

energy. As soon as it has a non-zero energy it must have a supersymmetric partner.

E

OX

Fig. 1. The general form of the spectrum in a supersymmetric theory. A circle indicates a bosonic state.
A cross indicates a fermionic state.
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Fig. 2. A pair of states move down to zero energy as a parameter is varied.

What can occur is that a pair of states, one Bose, one Fermi, can move from E = 0 to

E ≠0. In this case (fig. 3) no and n =0 both decrease by one.

In either case, the difference n-0- n-0 does not change as one varies the
E=0 nE=0

parameters. This will be the basis for most arguments in this paper.
E=0

The quantity n-0-n is useful because of two basic properties:

(i) It can be calculated reliably.

(ii) If it is not zero, supersymmetry is not spontaneously broken.

The difference n=0 - no can be calculated reliably because, since it is indepen-

dent of all parameters, it can be calculated in a convenient limit, such as small

volume, large bare mass, and weak coupling. As we will see in detail, almost any

theory simplifies enough in this or some analogous limit to permit n0--n=0 to be

calculated reliably.

Of course, approximate calculations cannot in general determine how many states

have exactły zero energy. But a valid approximate calculation does determine the

difference n=0 - ne−º reliably. Although corrections to the approximate calculation
nE=0-nE=0

may give a non-zero energy to, say, a bosonic state that had zero energy in the

approximation in question, if so (fig. 4), there is always a fermionic state of
previously zero energy that acquires the same non-zero energy from the same

corrections. So any valid approximation determines no–n° correctly.
E=0

As for the second point above, if n=-n -00, then obviously either n00
E=

or n=0≠0 or both. In any case there are some states of zero energy, so supersym-

metry is unbroken.

What if n=0-n0= 0? In this case we cannot distinguish between the follow-

ing two possibilities:

(A) n=0 = n£=0 = 0; supersymmetry broken.
E=0

(B) no and nº are equal but non-zero; supersymmetry is unbroken.

Despite the inability to distinguish between these two possibilities, an interesting

although not quite rigorous conclusion can be drawn about theories with n0-
n== 0.

We ordinarily expect the ground state of a system - the "vacuum state" - to be

bosonic in a finite volume as well as in the infinite volume limit. This is a reasonable

E E E

0OX

Fig. 3. A pair of states gains a non-zero energy as a parameter is varied.
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(a) E (b)
E

Fig. 4. Corrections to an approximate calculation (a) give an exact spectrum (b) with the same value of
Tr(-1)F.

expectation in a theory in which (in the infinite volume limit) all fermions are

massive. In such theories, any fermionic state would (in large enough volume) be

expected to lie above the ground state by an amount at least equal to the mass of the

lightest fermion.

What if the infinite volume theory has massless fermions?

In a finite volume one can form a normalizable state by adding a massless fermion

to the vacuum in a momentum eigenstate with P=0. If the volume is large, such a

state is nearly degenerate with the vacuum and may be exactly degenerate.

It seems reasonable to suppose that zero-energy fermionic states that persist in

arbitrarily large volume can generally be interpreted in this way - as evidence that

the infinite volume theory has a massless fermion.

Returning to the options (A) and (B) above, in (A) supersymmetry is sponta-
neously broken and there is a massless Goldstone fermion in the infinite volume

theory. In (B) supersymmetry is not broken; there is no Goldstone fermion, but

there are zero-energy fermionic states which we interpret as evidence that the infinite

volume theory has a massless fermion (a massless fermion is not a Goldstone

fermion unless it is created from the vacuum by the supersymmetry current). In

either case we conclude that if n=0-n=0=0, the infinite volume theory has a

massless fermion. However, this argument is not completely rigorous.

Formally, the quantity nn=0-n0 may be regarded as the trace of the operator

(-1) introduced previously. States of non-zero energy do not contribute to the

trace of (-1)F because for every bosonic state of non-zero energy that contributes

+1 to the trace, there is a fermionic state of non-zero energy that contributes -1

and cancels the boson contribution. Therefore Tr(-1)F can be evaluated among the

zero-energy states only, and equals non-0
We thus write

Tr(−1)° = n=°–nf=0. (4)

This formula should be considered as merely a useful definition, because the infinite

summation over all states in Hilbert space required to define Tr(-1) is ill-defined,

not being absolutely convergent. [One could regularize Tr(-1) by writing instead
Tr(-1)fexp(-BH) for arbitrary positive B; this is actually independent of B

because the states of E≠0 do not contribute. This regularization gives back eq. (4)

in the limit ẞ→0.]
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Actually, the quantity Tr(-1) is an example of a standard mathematical concept,

which plays an important role in contemporary mathematics and has had some

recent applications in physics. This is the concept of the index of an operator [9].

We may split the Hilbert space H of our theory into bosonic and fermionic

subspaces HB and Hp. Since the supersymmetry charge maps bosons into

fermions and vice versa, it takes the following form:

M*
Q=

M 0

if the states are arranged in the form

(5)

F
(6)

Note that, because Q is hermitian the quantity designated as M* in (5) is indeed the

adjoint of M.

Now, since H= Q2, the zero-energy states are precisely the states annihilated by

Q. Bosonic states annihilated by Q are states & in H that satisfy M4 = 0. Fermionic

states annihilated by are states in H that satisfy M*4=0. The quantity
ng=0-ng= is therefore equal to the number of solutions of M↓=0 minus the

number of solutions of M* =0. The latter quantity is, by definition, the index of

the operator M.

The fact that Tr(-1) is independent of the parameters of the theory is a special

case of the fact that, in general, the index of an operator is invariant under small

deformations. The argument above is a standard way of demonstrating this general
fact.

Finally, let us discuss a few subtleties.

Could ultraviolet divergences invalidate the arguments above? This would not be

expected because the need to cut off ultraviolet divergences only affects the highly

excited states while Tr(-1)* only involves the low-lying states. As long as the theory

exists in the infinite cut-off limit as a supersymmetric theory, the arguments above
should be valid.

A far more serious problem concerns the behavior of the potential energy for large

field strengths. In a mathematical sense, the problem is the following. We have
assumed that when the parameters are varied, the energy eigenvalues do not

suddenly appear or disappear but move around continuously in energy. This is true

as long as the changes in parameters are "gentle" enough that they can be regarded

as perturbations acting within the Hilbert space already defined by the unperturbed

operators.

Although ultraviolet divergences cause subtleties in defining the Hilbert space of a
quantum field theory, those subtleties are not relevant here, for reasons stated above.
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The serious problem involves the asymptotic behavior of the potential energy for

large field strengths. A perturbation that changes this asymptotic behavior can

permit new low-energy states to "move in from infinity" in field space, causing a
discontinuous change of Tr(-1). For instance, consider the potential

V(ф)= (mф- 8ф²)². (7)

At g =0, low-energy states correspond to near zero, but for g≠0 low-energy states

may correspond to near zero or near m/g. An arbitrarily small, non-zero g cause

the existence of extra low-energy states at ~m/g that have no counterpart in the

g=0 theory. In such a case Tr(-1)F will have a different value at g=0 from its

value at g≠0.

This is related to the change in asymptotic behavior of V when g is introduced. At

g=0, V~2 for large ф, but for any non-zero g, V~ф4. The change in asymptotic

behavior when g is switched on is the reason that Tr(-1)F can change discontinu-

ously at that point.

The general rule is that Tr(-1) is invariant under any change in parameters in

which, in the large field regime, the hamiltonian changes by terms no bigger than the

terms already present. Under such changes the energy levels of the hamiltonian

change continuously; this was the crucial ingredient in showing the constancy of

Tr(-1)F.
Tr(-1)F is independent of the numerical values of the parameters in the hamilto-

nian as long as these are non-zero. If one wishes to set a parameter to zero or to

introduce a new coupling not already present, one must make sure that this does not

change the asymptotic behavior of the energy in field space and permit new states to

"come in from infinity."

The concept of Tr(-1)F has some generalizations, which will be discussed below

when applications arise.

3. Conjugation

In the last section we have seen that in a finite volume the difference nE=0-nE=0

is invariant under arbitrary (reasonable) changes in the parameters of a supersym-
metric theory. We will now see that actually the two numbers n- and n0 are

separately invariant under a smaller but still interesting class of changes in parame-

ters*

In sect. 2 we worked with a single supersymmetry charge Q. Actually, in four

dimensions every supersymmetric theory contains at least four such charges, and in

this section we must make use of two supersymmetry charges, say Q, and 22. If we

*This section is more technical than sect. 2, and the remainder of the paper uses primarily the results
of sect. 2.
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define Q=√(Q =iQ2), then the supersymmetry algebra, in the zero-momentum
sector of Hilbert space, takes the simple form

Q2 =Q2 =0, Q+Q-+Q_Q+ =H. (8)

The fact that 0=0 means that the equation 04=0 has many solutions.

Roughly speaking, 24 annihilates at least half of the states in Hilbert space. Given

any state 4, either & itself is annihilated by Q+, Q+4=0, or its supersymmetric

partner x=Q4 is annihilated by Q+: 2+x=Q= 0.

More formally, any operator 2+ with Q=0 can be put in Jordan canonical

form by a linear transformation (not necessarily unitary). The Jordan canonical form

of 24 would be

0

이 0

이

0 0

0

0 이

0

이

0J

(9)

0
There are an arbitrary number of 2 × 2 blocks with the structure 0 0). These are
two-dimensional supermultiplets, consisting of two states on which 24 acts as a

raising operator (4 = Q+x, Q+ = 0). In addition, there are an arbitrary number of

unpaired zeros, shown in the lower right-hand corner of (9); they are the supersym-
metric zero-energy states.

Given any state X, if x=2+ for some 4, then obviously Q+X vanishes

(Q+x=Q4=0). Let us ask the converse question. Given a state x with 0+x= 0,

can x be written in the form Q+ for some ?

If we assume that x is an eigenstate of the hamiltonian, Hx = Ex for some E, the

answer to the above question turns out to be the following. One can write x in the

form x =2+ for some & if and only if E≠0.

The proof of this is trivial. Suppose first E≠0. Define =(1/E)0_x. Then

Q+4=(1/E)Q+Q x=(1/E)(Q+Q-+Q Q+)x=(1/E)Hx= x, so we have ex-
plicitly found a state & with x =Q+4.
Suppose conversely that E=0. It is then impossible to find a state with

2+=x for the following reason. Since 24 commutes with the hamiltonian, the

equation Q+ =x implies that & has the same energy as x. If x has E =0, would

also have to have zero energy. But since the Q, annihilate all states of zero energy, if

↓has zero energy it satisfies 244=0, not Q+4=x.
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We arrive at the interesting conclusion that the zero-energy states are precisely the

states x such that 24+X =0 but x≠Q+& for any 4.

Let us introduce a bit of notation. Let ker 04 be the kernel of 24, the space of

solutions of Q+x = 0. Let im Q be the image of 24, the space of all states that can

be written as Q+ for some 4. Let (ker Q4/im 24) be the quotient space (consisting
of all x in ker Q4 with x and x + Q4 considered equivalent for any &). Finally, let

N be the total number of zero-energy states, Bose or Fermi: N = n=0 + n. What

we have learned is that

N = dim(ker Q4/im Q+), (10)

or, in other words, that N is equal to the dimension of the quotient space.

We wish to find conditions under which N, the total number of zero-energy states,

is invariant under changes in the parameters of a supersymmetric theory. Unlike the

invariance of Tr(-1) discussed in sect. 2, the invariance of N does not follow from

supersymmetry alone. The following two-dimensional representation of the super-

symmetry algebra [8],

0

Q+=
0 0

00

A0

X20
H= (11)

10 22

in an explicit counterexample. Here A is an arbitrary parameter. For λ0 no state

has zero energy: the image and kernel of Q4 are each one dimensional, and the

quotient has zero dimension. But for λ=0 there are two zero-energy states; the

image of Q has dimension zero, the kernel has dimension two, and the quotient

consists of the two zero-energy states. At λ=0 the number of zero-energy states

jumps from zero to two.

Although in general the number of zero-energy states can change when the

parameters are changed, there is a restricted but important class of changes in the

parameters of a supersymmetric theory under which the total number of zero-energy

states does not change. Consider the substitution from 2+, Q, and H to new

operators

0= MQM.

Q_=M*Q_M*-1,

H=QQ+ÕQ+ (12)

where M is an arbitrary invertible linear operator, not necessarily unitary, and M* is

the adjoint of M.

If M is unitary, M* = M1, the operators 4, , and H differ from Q+ ,

and H merely by a change of basis in Hilbert space. They do not describe a new
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theory. However, if M is invertible but not unitary, the theory described by the
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and H is inequivalent to the one described by the Q and H.

The spectrum of non-zero-energy states of H will differ, in general, from the
spectrum of H. However, the main point here is that the number of zero-energy

states for H always equals the number of zero-energy states of H. This, indeed,

follows directly from our previous observation that the total number of zero-energy

states is equal to the number of linearly independent solutions of Q+x =0 such that

X is not Q44 for any 4. If x is such a state, then x= Mx satisfies 24x = 0 but

cannot be written as ỹ=↓ [which would imply x = Q (M↓), contrary to the

hypothesis that x is not 2+4 for any 4]. Conversely if 4X = 0 and x is not

for any , then x = Mx satisfies Q+x = 0 but cannot be written as 0+4.

In short, the mapping X → M x is a one to one mapping from solutions

of Q+x=0 that cannot be written as x=2 to solutions of 2.x=0 that can-

not be written as x= . Hence the number of zero-energy states of the system

(Q+,Q-, H) is the same as for the system (24, _, H).

The transformation in eq. (12) from Q, to is achieved by conjugation by the

linear operator M. Changes in the parameters of a supersymmetric theory that can

be brought about by such a transformation we will refer to as changes that can be

brought about by conjugation. One might think that the operation of conjugation is

too special to be of broad interest, but this is not so. Many interesting changes in the

parameters of a supersymmetric theory can be brought about by conjugation.

A complete listing of the coupling constants in renormalizable supersymmetric

theories is the following:

(i) the usual mass terms, scalar self-couplings, and Yukawa interactions, which are

derived from the superspace potential;

(ii) abelian and non-abelian gauge interactions;

(iii) angles;

(iv) the Fayet-Iliopoulos D term.

We will see that the superspace potential, and so the couplings in group (i), can be

changed in an arbitrary way by conjugation. Abelian gauge couplings can be

changed by conjugation. Non-abelian gauge couplings can be changed by conjuga-

tion in theories in which there is no dependence. angles themselves cannot be

changed by conjugation, except in the uninteresting case of theories in which the

physics is independent. The D term cannot be changed by conjugation.

Let us now derive the above results in detail. The simplest supersymmetric model

is the Wess-Zumino model. It has a single complex scalar field and a single spinor

field 4. The parameters are the mass m and the coupling g. We will see that m and g

can be changed in an arbitrary way by conjugation.

Rather than a Majorana basis of hermitian supersymmetry charges, it is conve-

nient to work with y° eigenstates. Since y is imaginary in the Majorana basis, the

y = +1 supersymmetry charges are a complex doublet Q, the y° = -1 charges
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being the complex conjugates . The change of parameters under conjugation is

brought about in the following simple way. Q for parameters (m1, g₁) is related to
Q for parameters (m2, 82) by the simple rule

where

Qa(m2, 82) = M1(m₁, 81; m2, 82)Q(m,8)M(m,81; m282), (13)

M(m, 8; mz.  82)=exp{2Refd'x((m₂~m,)16²+(8;—81)}4')). (14)

M is not unitary, and the hermitian conjugate of Q changes oppositely under a

change in parameters, MQM

In the construction above, leading to the characterization (10) of the total number

of zero-energy states, we may take to be any one of the Q. The fact that under a

change in parameters Q changes by conjugation means that if supersymmetry is

unbroken in this theory for one value of m and g, it is unbroken for all values of m

and g.

To verify eqs. (13) and (14) is a straightforward matter of examining the standard

definitions of Q and using the canonical commutation relations. The only terms in

that do not commute with M are the terms involving the time derivatives ф or ф*

of the Bose fields. These terms are

QNC = fd³x (*+фEn*) (15)

where are the spinor components with y = +1; Ya and EaBY* both transform as
spinors under rotations. With this form for the part of 2a that does not commute

with M, it is easy to see that under conjugation by M the change in Q is

Q→Q+ fd°x [[(m2~m;)&* +(g2-81)4*2]4

+[(m2-m,)+(82−81)$]eaA¥*B]. (16)

But a comparison with the standard formula for Qa shows that the last term on the

right-hand side is precisely the change in Qa when (m1, g1) is replaced by (m2, 82).
This construction extends straightforwardly to arbitrary renormalizable theories of

spin 0 and spin fields only. In such theories, the mass terms and the scalar and

Yukawa interactions are all derived from a single function, the superspace potential

W. [The scalar potential is V=Σ|aw/0ф[²; the Yukawa interaction is Lyuk=
(Ә²W/дфӘф/)¢{4{ +h.c.).] W can be changed arbitrarily by conjugation. A change

from one superspace potential W to another potential W₂ can be achieved by
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conjugation, Q→MQM, where

M= expexp{2Refd³x (W2(@(x)) = W(9,(x))} (17)

The verification is as before. This seemingly indicates that if supersymmetry is

unbroken for one value of W it is unbroken for any value of W. That conclusion,

however, is subject to a crucial restriction explained below.

As in sect. 2, one may first of all worry whether ultraviolet divergences could

invalidate the above discussion. In contrast to Tr(-1), which really could not be

affected by the high-energy behavior, the argument in this section must be checked

carefully for its compatibility with renormalization theory. The renormalization of

the operators M of eqs. (14) and (17) is quite complicated.

In theories of spin 0 and spin fields only, there is a simple way to avoid this
difficulty. It is possible to regularize these theories in a supersymmetrically invariant

way while preserving the fact that the coupling constants can be changed by

conjugation. This can be done by a simple point-splitting method. In the interaction

terms one replaces all superfields Ф,(x) by "smeared fields" Ф(x, t) =

fd³yG(x, y)Ф, (y, t), where G(x, y) is a suitable kernel. The superspace interaction,
usually written as f d4x W(Ф,(x)), is now written as f d4x W(Ф,(x, t)). This eliminates

all ultraviolet divergences, and W can still be changed, in essentially the same way,

by conjugation. At the end of the analysis one removes the regulator, G(x, y) →83(x

- y). Note that the smearing of is carried out in the spatial directions only, to

preserve the canonical, hamiltonian framework that is crucial for our analysis.

When gauge fields are introduced, such a simple point-splitting method is not
acceptable because it conflicts with gauge invariance. While I hope that the state-

ments below about conjugation in theories with gauge fields survive the process of

renormalization, I have no proof of this.

As in the last section, a more serious problem concerns the behavior for large

fields. We must check that the operator M is a well-defined operator in the Hilbert

space of our theory. Acting on an energy eigenstate it must give a normalizable,
finite energy state.

This imposes a crucial restriction on the change AW in the superspace potential

that can be achieved by an allowed process of conjugation. Recall that M=

exp(2 / d³x AW(Ф(x))). If AW increases too rapidly for large ф, then M, acting on an

energy eigenstate, will produce a nonsensical, unnormalizable state that diverges

exponentially for large ф.

It is not difficult to see that the necessary requirement is that the change in
W under a conjugation operation must grow no more rapidly than W itself for large

fields.

To understand this, let us go back to the case of the Wess-Zumino model - a

single complex field ф and fermion 4. If W is purely quadratic, we are dealing with
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free field theory. The potential energy is m² f d³x². It is useful to adopt a
Schrödinger viewpoint in which the states are regarded as functionals of the fields.

As in the case of the simple harmonic oscillator, in free field theory the wave

functions of the energy eigenstates behave for large fields as a gaussian, ~

exp(-m / d3x|ф]²). We cannot now introduce a cubic term in W by conjugation
because the required M would behave for large as the exponential of fd³x³.
Acting on one of the free field theory eigenstates this overwhelms the gaussian

large-ф behavior and produces an unnormalizable state.

If, however, a cubic term is already present in W, the potential energy contains a

quartic term g² / d³x|4. We must now determine the asymptotic behavior of the

wave functions in the interacting theory. The asymptotic behavior of the wave

functions is now better because the potential is larger for large ф. The problem of

determining this asymptotic behavior is not as formidable as it sounds, for the

following reason. As the field becomes large the energy grows and the wave function

decays sharply. To minimize the rate of decay of the wave function, the field should

become large in such a way that the energy grows no more rapidly than is inevitable.

While the potential energy necessarily increases when the field becomes strong, the

kinetic energy can remain small if the field is strong but constant in space. The

slowest decrease of the wave function thus corresponds to the field being large but

constant. The rate of decrease for large fields can be determined by studying a

quantum mechanics problem with a single degree of freedom (representing the

constant mode of the field) and a $4 potential. The wave function decays for large

fields as~ exp(-2g fd³x 3).

Now suppose that we try to change g into g+Ag by conjugation. Since M =

exp(2 Ag Re f d³x $³), M acting on gives a wave function that is still normalizable

as long as Ag is smaller than g. By repeated conjugation operations g can be made

arbitrarily big (or arbitrarily small, but not zero) if it is not zero to begin with.

is

As stated before, the generalization of this result to problems with several fields ф

that W may be changed by conjugation by any amount that increases, for large
fields, no faster than W itself.

Now let us turn our attention to theories with gauge fields. We wish to determine

under what conditions gauge couplings can be changed by conjugation. It is

convenient to scale the fields so that the gauge coupling appears only as an overall

constant multiplying the kinetic energy of the gauge field A and its fermion partner
Xa

1

=d*x (-(F)²  +Xipx). (18)

Although additional charged fields may be present, their presence is not crucial

because, with the normalization of A and X indicated in (18), the terms in the

lagrangian containing the additional fields do not depend on the gauge coupling. To
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study the question of whether gauge couplings can be changed by conjugation, it is

enough to study the minimal supersymmetric gauge theory (18).

The standard supersymmetry current in this theory is

1 1="S

00; (E+ iBY5) YX,
e

(19)

where E, = F and B"=ek F are the electric and magnetic fields.

In contrast to the use above of y eigenstates, we will find it convenient here to

work with supersymmetry charges of definite chirality. By Qa, a = 1,2, we will here

mean the positive chirality supersymmetry charges; the hermitian conjugates of the

Q have negative chirality. Qa is, of course, the integral of the positive chirality part

of Soa, or, explicitly,

Q=Jdx(y'(E*(x) + iB?(x))M)a (20)

where A is the negative chirality part of the spinor field, y5A₁ = -

Going back to the lagrangian (18), we see that, in a canonical gauge such as

A0=0, the canonical momentum conjugate to the gauge field A is π = (1/e2)E.
From a canonical point of view it is more appropriate to write Q in the form

Q=i  /  d'x (y  ( m(x)+(x))x) (21)

In this form it is rather obvious that, if we can find an operator K with the

properties

["(x), K]= -iB₄(x),

[B(x), K] =0,

[A(x), K]=0,

then we can bring about a change in the gauge coupling by conjugation,

with t=(1/e2-1/e?).

Q(e2) = (exp(-tK))Q(e₁)expIK,

The remarkable fact is that such an operator K exists; in fact

K=fd³xej(A90,  A%  — 3fabcAAA)

(22)

(23)

(24)

This operator has played a role in physics before; it is the operator, famous in

instanton studies, that measures the "winding number" of the gauge field. Why the
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winding number should enter in this particular problem is not clear, but it is easy to

check that K satisfies (22) and (23).

At first sight this seems to prove that gauge couplings can be changed by
conjugation, but a number of points must be checked. Apart from the question of

regularizing K, we must come to grips with the fact that the integrand on the

right-hand side of (24) is not gauge invariant, and we must make sure that exp tK

maps energy eigenstates into well-defined normalizable states.

In an abelian gauge theory, although the integrand in (24) is not gauge invariant,

K itself is completely well-defined and gauge invariant. Under a gauge transforma-

tion, A→A,+d,a, the change in K is fd³x E;jk дад,  AK, which vanishes after
integration by parts (there is no surface term because of the use of periodic

boundary conditions). Moreover, precisely because K is gauge invariant, K cannot in

an abelian theory be extremely large without the energy being large. The wave

function of an energy eigenstate therefore vanishes very rapidly in the large-K

region, and exptK is a well-defined operator acting on the energy eigenstates.
that the otherwiseAssuming problem of finding a suitable regularization (or

dealing with the ultraviolet divergences) can be settled, it follows that abelian gauge

couplings can be changed by conjugation.

For non-abelian gauge couplings, the problem is more difficult. K is still invariant

under "small" gauge transformations but it is not invariant under "large" gauge

transformations that change the winding number and shift K by a constant.

The fact that K is not gauge invariant is a clear warning that conjugation by

exptK is likely to lead to trouble. Perhaps it is useful to compare exptK to the

unitary operator exp iaK that has appeared in instanton studies. One would naively

expect that conjugation of the hamiltonian by this unitary operator would have no

physical effect, but actually the operation H→ (exp -(iaK))H(exp iaK) brings

about a shift 0→ 0+ a in the vacuum angle 0, and this shift, in general, has physical

effects. The operation exptK is an attempt to shift by an imaginary amount,

00-it, and this sounds particularly dangerous.
The specific reason that acting with exp tK gives trouble in non-abelian theories is

that in those theories K can be arbitrarily large while the energy remains small (since

even if F =0, the winding number can be arbitrarily big). Because of tunneling

effects, every eigenstate of the hamiltonian has an admixture of configurations with

large K. In fact, the wave functions are undamped for large K because the energy

does not increase as K becomes large. Acting on a state that is undamped for large

K, the operator exp tK gives an exponentially divergent wave function.

Because of this, non-abelian gauge couplings'cannot, in general, be changed by
conjugation. However, the above argument indicates the existence of an important

class of theories in which the conjugation by exptK does make sense and can be

used to change the non-abelian gauge coupling. These are theories in which an axial

vector anomaly of some kind suppresses tunneling and prevents the wave functions

from extending to large K.
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For instance, the minimal supersymmetric gauge theory of eq. (18) has a chiral

current J5 = AYY5A which naively is conserved, but actually suffers from an
anomaly; J does not really vanish, but is a multiple of Fa F. More elaborate

theories with additional fields may or may not possess such an anomalous axial

current, perhaps of a more complicated form. When such an anomalous current

exists, the physics is independent of 0.

More relevant for our purposes, when there is an axial current whose conservation

is spoiled only by an anomaly, the tunneling is suppressed, and properly defined
eigenstates of the hamiltonian vanish very rapidly for large K. In this situation, the

operator exptK can meaningfully act on eigenstates of the hamiltonian and can

change the non-abelian coupling by conjugation.

There is another way to see that the conjugation operation makes sense in theories

with an anomalous axial current. Our problem, at one level, was that K was not

gauge invariant. Because of the anomaly, Q5= f d³x Jos does not commute with the

hamiltonian. Rather, the hamiltonian commutes with K- cQ5, where c is a constant

depending on the theory. Because [H, K- cQ5]=0, instead of conjugation by

exp tK, we may achieve the same result by conjugation by exp tcQ5. This operator is

gauge invariant.

We arrive at the peculiar conclusion that non-abelian gauge couplings can be

changed by conjugation in theories in which the physics is independent of 0, and

only in those theories.

To complete the list of all possible interaction terms in renormalizable, supersym-

metric theories, we still must consider the 0 angles themselves and the Fayet-

Iliopoulos D term.

It has already been mentioned that, naively, can be changed by conjugation by

the unitary operator expiaK. One would naively conclude from this that not just

supersymmetry breaking, but all other physical observables, are independent of the
value of 0. These naive conclusions are wrong, for reasons described in the literature

on instantons. The only case in which can be changed by conjugation is the

uninteresting case in which the physics is actually independent of 0. If the hamilto-

nian commutes with some operator K-AQ5, then can be changed by conjugation

with the gauge invariant, genuinely unitary operator expiαλQς. In the more interest-

ing case in which the physics depends on 0, it is perfectly possible that supersymme-
try is unbroken for one value of and broken for the other values.

We are left with the Fayet-Iliopoulos D term. It cannot be changed by conjuga-

tion. The easiest way to realize this is to note that in the literature, there are many

examples of theories in which, in perturbation theory, supersymmetry is unbroken

for one value of the coefficient of the D term (usually zero) but broken for other

values.

We have not explicitly discussed the question of whether a change in the volume

of our finite volume theory can be brought about by conjugation. Actually, by the
renormalization group, a change in the volume is equivalent to a change in the
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masses and coupling constants. As long as the theory is such that all masses and

couplings can be changed by conjugation, a change in the volume is equivalent to a

conjugation operation plus a renormalization group transformation. In this case, if

supersymmetry is unbroken for some values of the parameters and of the volume, it

is unbroken for all values of the parameters and of the volume, and hence also in the

infinite volume limit.

Since the arguments in this section have been somewhat abstract, it may be

helpful to give a tangible example.

In ref. [2], the supersymmetric problem of a particle moving in a line in one
dimension was considered. The supersymmetry charges were

2=(op +o₂W(x)),

22=(02p-0W(x)), (25)

where W is an arbitrary function and p = -id/dx. The hamiltonian was

We have then

H= (p2+W²  +o)

ℓ+ = (0₁ +i03) = (₁+10) (+印(x)
2/2

(26)

(27)

We see immediately that W can be changed by conjugation, the relation between

Q+(W) and Q (W) being

Q(W) = (exp(-F(x)))Q., (W)(exp F(x)), (28)

where F(x) is a function that satisfies dF/dx=W(x)- W(x).

Now, an interesting special case is W(x) = x2+ a². For a² >0 supersymmetry is

spontaneously broken at the tree level since the classical potential energy V(x) =

W2(x) is a strictly positive function. For a2 <0 supersymmetry is unbroken at the

tree level and in perturbation theory, but it was shown in ref. [2] that dynamical
supersymmetry breaking occurs.

The occurrence of dynamical supersymmetry breaking is related to the fact that

the sign of a2 can be changed by conjugation. In fact, one can easily see that

2+(-a²)= exp(2a²x)Q+ (a2)exp(-2a²x). (29)

The total number of zero-energy states must therefore be independent of the sign of

a2.

Since for positive a2 it is obvious that there are no zero-energy states, the number

of zero-energy states must also be zero for negative a², even though in perturbation
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theory there appear to be two zero-energy states if a² is negative. Eq. (29) shows,

without need for the explicit calculations of ref. [2], that dynamical supersymmetry
breaking occurs if a2 is negative.

Actually, the validity of this argument depends upon the fact that the operator

exp(±2a²x), acting on any eigenstate of the hamiltonian (26), gives a normalizable
state. In fact, it is easily seen that if W= x2+a2, the eigenstates of H behave for

large |x| as exp(- |x|³). On such states the operator exp(±2a²x) is quite safe. The

same reasoning shows, however, that we could not safely go by conjugation from

W = x²+a2 to, say, W = x² + a² + ex³. The required conjugation operator would

be expex4, and acting on eigenstates of H that behave for large x as exp(-x3),
this would give exponentially divergent wave functions. The general rule is that one

may change W by conjugation as one wishes as long as one does not change its

asymptotic behavior at large x.

In the previous section we learned that the difference n0-n0 is invariant

under arbitrary changes in the parameters of a supersymmetric theory. In this
section we have learned that under changes in parameters that can be brought about

by conjugation, the sum n=0 + no is also invariant. This means, in particular,

that the two numbers no and nn are separately constants.

In practice, the new result is not as much of an improvement as it might appear.

The reason for this is that, as we will see in detail, the difference n=0- n=0 can be

calculated reliably for weak coupling in almost all theories. But it is often difficult to

determine the sum n=0 +n=0 even for very weak coupling. If one cannot evaluate

the sum, the fact that it is known to be independent of the coupling constant is of

little use.

There are, however, various situations, some of which will be considered later in

this paper, in which knowing that the total number of zero-energy states is

independent of the coupling can lead to important constraints on supersymmetry
breaking.

4. Analyticity

In this section one additional general constraint on supersymmetry breaking will

be considered. It is far more elementary than the constraints discussed in sects. 2, 3.

Rather than field theory, let us first consider supersymmetric quantum mechanics

problems with a finite number of degrees of freedom. As long as the number of

degrees of freedom is finite, the energy eigenvalues of any quantum mechanical

system are analytic functions of the parameters appearing in the hamiltonian.

Actually, a caveat analogous to those stated in sects. 2, 3 is necessary here.

Analyticity breaks down at points in parameter space at which the asymptotic nature

of the potential changes. For instance, for the one-dimensional anharmonic oscilla-

tor with V(x) = m²x² +Ax4, the energy eigenvalues are analytic functions of m² and

A as long as A >0; A =0 is a singular point.



272 E. Witten / Constraints on supersymmetry breaking

Under conditions in which such analyticity holds, it is true in particular that the

ground-state energy is an analytic function of the parameters. Let us now consider

supersymmetric theories. Suppose that in some theory, it is known that in some

finite range of the parameters supersymmetry is unbroken and the ground-state

energy is exactly zero. Since an analytic function that vanishes in a finite range of

the parameters vanishes everywhere, it follows that the ground-state energy vanishes

identically and that supersymmetry is unbroken for all values of the parameters.

Suppose, conversely, that in some theory it is known that in a finite range of the

parameters supersymmetry is spontaneously broken and the ground-state energy is

non-zero. It then follows from analyticity that there does not exist a finite range of

parameters in which the vacuum energy vanishes identically. In particular, in a

theory with just one coupling constant, if supersymmetry is spontaneously broken

for some value of the coupling, it is restored at most for isolated values of the

coupling, since an analytic function that does not vanish everywhere has at most
isolated zeros. In a theory with N coupling constants, if supersymmetry is sponta-

neously broken at one point in coupling constant space, it is restored at most on a

surface of dimension N- 1 in the space of couplings.

A simple example of this is the quantum mechanics hamiltonian of eq. (26). Again

take W= x2 + a2. The ground-state energy is an analytic function of a2. Since it is

non-vanishing for large, positive a2, it must not vanish for negative a2 (except
possibly for isolated values of a2). This simple argument based on analyticity thus

anticipates the dynamical supersymmetry breaking found for negative a2 in ref. [2].

Of course, the fact that the ground-state energy does not vanish even for isolated

values of a2 can be seen from the argument of sect. 3, based on conjugation, or by

the explicit calculation of ref. [2].

How much of this carries over to supersymmetric field theory? To begin with, we

may consider a supersymmetric field theory in a finite volume V and in the presence

of an ultraviolet cut-off A. (We will assume that a suitable ultraviolet cut-off exists

or that the ultra-violet behavior is not really crucial.) As long as the volume and the

cut-off are finite, the total number of degrees of freedom is finite, so analyticity

holds, along with its above-mentioned consequences. However, we are interested in

the limit V→ ∞, A→o∞. In this limit the number of degrees of freedom becomes

infinite and the ground-state energy may cease to be an analytic function of the

coupling constant.

Two cases must be distinguished. Suppose that it is known that for any finite V

and A there is a non-zero range of coupling parameters in which the ground-state

energy vanishes exactly. Then, since the ground-state energy is an analytic function

of coupling for fixed Vand A, it must vanish for arbitrary coupling as long as Vand
A are finite. Since the large-V, large-A limit of zero is zero, it follows from this that

also in the limit the ground-state energy is zero and supersymmetry is unbroken.

In the opposite case, we do not reach such an interesting conclusion. If it is known

that, for finite V and A, the ground-state energy is non-zero at least for some values
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of the coupling, it indeed follows that the ground-state energy is non-zero for almost

all coupling, as long as V and A are finite. But since a non-zero energy may become

zero in the large-V, large-A limit, and since analyticity may be lost in this limit,

supersymmetry may be restored in the limit for any or all values of the coupling.

An example in which analyticity is lost in the large-V limit is described in

appendix А.

How might one be able to put these considerations to use? The usual way to try to

show that a symmetry is unbroken in some range of the couplings is to study the

weak coupling behavior. But in the case of supersymmetry, even for weak coupling,
decide whetherit is hard in general to the symmetry is broken or unbroken.

A fairly simple and instructive, although exotic, situation in which the considera-

tions of this section could play a role would be the following. Suppose that in a weak

coupling calculation, in a finite volume, one finds in some theory eight states of

apparently zero energy. Suppose that these are four Bose states of spin zero, and

four Fermi states of spin. (Of course, "spin" refers to the discrete rotation

subgroup of the finite volume theory.) What conclusions can be drawn?

The first step is to ask whether the eight states in question really have exactly zero

energy for sufficiently weak coupling. With the spectrum assumed, Tr(-1)=0, so

the results of sect. 2 are of no help. However, we may use a line of reasoning

analogous to that in sect. 2. For weak enough coupling, the eight states that in

perturbation theory appear to have zero energy certainly are much lower in energy

than any states whose energy does not vanish in perturbation theory. Therefore, if

the supersymmetry charges do not annihilate these eight states, they must at least

map them among themselves, for weak enough coupling: supersymmetry could not

connect these eight states to others of higher energy.

But the supersymmetry operators transform as operators of spin one half under

rotations. They cannot connect states of spin zero to states of spin. So under the

stated assumptions the supersymmetry charges must annihilate the eight states in

question, at least for weak coupling. The ground-state energy must be zero, at least

for weak coupling.

It now follows from analyticity that the ground-state energy is zero, and super-
symmetry unbroken, even for strong coupling, and also in the large-volume limit.

Note that this argument would hold even if the range of validity of perturbation

theory depends on the volume (as in infrared-unstable theories like QCD) as long as

perturbation theory has a non-zero range of validity for any finite volume.
The argument just described is an analogue of the "lacunary principle" of Morse

theory. We will have more to say on Morse theory in sect. 10.

5. Simple applications

Let us now turn to applications of the ideas developed in sects. 2-4. Most of the

applications depend only on the results of sect. 2. In this section we consider the

simplest applications.
























































































