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1. The time-independent Schrédinger equation for a one-dimensional harmonic oscil-
lator is

———— + —Kz°x = Ex

where m is the mass and the constant K gives the strength of the restoring force.
Verify that there are energy eigenfunctions of the form

Xo(x) = Cy et/ 2 , xi(x) = ¢4 ze /2

for a certain value of «, to be determined, and find the corresponding energy eigenvalues
Ey and E;. Sketch xo, x1, and U(x). (Cp and C; are normalisation constants that you
need not determine.)

2. For the harmonic oscillator, write down the time-dependent Schrodinger equation
satisfied by v (z,t) and give the solution for each of the following initial conditions:

(i) 9,0 =xo(x), () ¥(z0)=x(z), (i) (0 =5V3xolx)=ixi(x)).

For the solution in case (iii), what is the first time 7" > 0 at which ¢(x, T") and ¢ (x,0)
correspond to physically equivalent states?

[Hint: Remember that ¥(z,t) = Y. coxn(x) e Eo/" and that therefore ¢(z,0) =

Zn CnXn (7). ]

3. A particle of mass m moves freely in one dimension (U = 0). Consider the wave-
function

U(z,t) = Cr(t)? exp(—2?/29(1)),
where v(t) is complex-valued and C' is a constant. By substituting into the time-
dependent Schrodinger equation, find a necessary and sufficient condition on (t) for
¥ (x,t) to be a solution. Hence determine ~(t) if v(0) = «, a real positive constant.
Write down and simplify an expression for the probability density for the particle at
time ¢ and find a value for the constant C' such that ¢ (z,t) is normalised. Comment
briefly on the behaviour of the probability density as t increases.



4. Consider a particle in one dimension in a potential U(x) that tends to zero rapidly
as x — £o0.

(i) Let x1(x) and xa(x) be normalisable energy eigenfunctions of the Hamiltonian with
the same energy eigenvalue E. By considering i x> — X2 X1, show that y; and y»
must be proportional to one another. What does this mean, physically?

(ii) Can the wavefunction for a normalised energy eigenstate always be chosen to be
real?

(ili) Show that if x(x) is any normalised energy eigenstate then (p), =0.

5. A particle of mass m is confined to a one-dimensional box 0 < z < a (the potential
U(z) is zero inside the box, and infinite outside). Show that the energy eigenvalues
are E, = h’m*n?/2ma® for n = 1,2, ..., and determine corresponding normalised
energy eigenstates x,(x). Show that the expectation value and the uncertainty for a
measurement of Z in the state x,, are given by

a 2
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Does the limit n — oo agree with what you would expect for a classical particle in this
potential?

6. Write down the time-independent Schrodinger equation for the wavefunction of a
particle moving in a potential U(z) = —Ud(z), where U is a positive constant and 6 (z)
is the Dirac delta function. Integrate the equation over the interval —e < x < ¢, for
a positive constant €, and hence deduce that there is a discontinuity at x = 0 in the
derivative of x(z):

lim [ ()~ X'(~0)] = ~ 2 x(0)

By using this condition to relate appropriate solutions for x > 0 and x < 0, find
the unique bound and normalisable eigenstate of the Hamiltonian, and determine its
energy eigenvalue F (with E < 0).

7. Consider a square well potential with U(z) = —U for |z| < a and U(z) = 0
otherwise (U is a positive constant). Show that there are no bound states (normalisable
energy eigenfunctions) which satisfy x(—x) = —x(z) (i.e. which have odd parity) if
a*U < (mh)?/8m.



8. Sketch the potential
2

Uz) = —h—sech% :
m

Show that the time-independent Schrodinger equation for a particle in this potential
can be written

AtAy = (E+1)x
where £ = 2mFE /h? and

N d A
A= — +tanhx , AT:—i—i-tanhx.
dx dx

Show, by integrating by parts, that for any normalised wavefunction ¥,

[ xcdtivas = [ (oo da
and deduce that the eigenvalues of AT A are non-negative. Hence show that the ground
state (with lowest energy) has £ > —1. Show that a wavefunction yo(x) is an energy

eigenstate with & = —1 iff

d
cxo + tanhxyxyg = 0.
dx

Find and sketch xo(x).

9. Consider the Schrodinger equation in one dimension with potential U(z). Show
that for a stationary state, the probability current J is independent of z.

Now suppose that an energy eigenstate y(z) corresponds to scattering by the poten-
tial and that U(x) — 0 as  — foo. Given the asymptotic behaviour

x(z) ~ e* + Bem ™ (1 — —o0) and  x(z) ~ Ce*™ (1 — +00)
show that |B|? + |C]?> = 1. How should this be interpreted?

10. A particle is incident on a potential barrier of width a and height U. Assuming
that U = 2F, where E = h%*k?/2m is the kinetic energy of the incident particle, find
the transmission probability.

[Work through the algebra, which simplifies in this case, rather than quoting the
general result. |



11. Consider the time-independent Schrédinger equation with potential U(x) = —Ud(x) .
Show that there is a scattering solution with energy eigenvalue F = h?k?/2m for any
real k£ > 0 and find the transmission and reflection coefficients Ay, (k) and Ayt (k)( that
correspond to the transmission and reflection coefficients defined in the notes as T and
R respectively).

Is the solution above still an eigenfunction of the Hamiltonian if & is allowed to take
complex values? Show that A (k) and A,ef(k) are singular at k& = ix for a certain
real, positive value of k. By first re-scaling the scattering solution, find a bound state
(normalisable) solution in the potential. What is the energy of this bound state?



